Integration

7 Let's Study

e  Method of Substitution
e  Some Special Integrals
e Integration by Parts

e Integration by Partial Fraction

% Let's Recall

° Derivatives

5,

5.1.1 Introduction

In this chapter, we shall study the operation
which is an inverse process of differentiation. We
now want to study the problem : the derivative
of a function is given and we have to determine
the function. The process of determining such a
function is called integration.

Consider the following examples:

(1) Suppose we want to determine a function
whose derivative is 3x%. Since we know that

dx’ . :

di = 3x% Therefore, the required function
e

is flx) = x°.

x* is called integral of 3x* w.r.t.x and this is
written as | 3x2 dx = x>,

The symbol [ , called the integration sign,
was introduced by Leibnitz. 'dx' indicates
that the integration is to be taken with
respect to the variable 'x'.

(2) Suppose we want to determine a function

T
whose derivative is — Since we know that
X

d
—(log x) = l Therefore, the required
dx X

function is logx. Using the integral sign, we

1
can write | [—j dx =logx, x> 0.
X

(-
9 Let's Learn

5.1.2 Definition: Integral or primitive or
antiderivative of a function.

If f{x) and g(x) are two functions such that
o [f(x)] = g(x) then f(x) is called an integral of
X

g(x) with respect to x. It is denoted by | g(x) dx
= f(x) and read as integral of g(x) w.r.t.x is f(x).
Here, we say that g(x) is the integrand.

This process of finding the integral of a
function is called integration. Thus, integration
is the inverse operation of differentiation.

For, example,
d 4\ — 3
e (x*) =4x
o] 43 dx =y
But, note that

d
E(x4 +5) =4x°

d

— (= 8) =4y

i (x ) =4x

What is the observation? Can you

generalize from the observation?

In general,

d
E(x4 +c¢)=4x*

where, ¢ is any real number.
Hence, in general, we write
Al de=xt+c

The number '¢' is called constant of

integration.
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Note: (i) From the above discussion, it is clear that integration is an inverse operation of
differentiation. Hence integral is also called antiderivative.

(ii) In [ fx)dx, fx) is the integrand and x is the variable of integration.

(i11) 'T" is used to denote an integral.

Integrals of some standard functions.

1 d n+l

_xn:nxn—l d (ax+b) n

— =(ax+b
dx el dx{(nJrl)a ( )
- xrdx = o +e,nz-1 + )
n+l .'.I(ax+b)”dx=u+c,where,n¢—1
a(n+1)

2 ilO X = l d 1 +ph) = i +ph) =

dx & X 2 og(ax +b) = ax+b dx (ax+5)= (ax+Db)

1
| (—] dx=log|x|+c
. g | x| I( 1 jde log|ax+b|+c
ax+b a

3

K a‘log a iap”q = ap“q(loga)i(px + q) = @ "1.ploga

dx dx dx

avdx = te,a>0,a#1 | - [grrady = - +c,a>0,a#1

loga ploga ’ ’

! ie"Ze"logeZex a 1’”‘7=epx+q£(px+q)=ep”q.p

dx dx dx

px+q
wledx=ete s ertady = +c
P

Rules of integration:

5.1.3 Theorem 1: If f is a real valued
integrable function of x and £ is a constant, then

j [k.f(x)]dx=k j F(x)dx

Theorem 2: If f and g are real valued
integrable functions of x, then

[[F0)+g@)]dr =] fx)de+ [ g(x)ex

Theorem 3: If f and g are real valued
integrable functions of x, then

[[£ )= g(0)]dx = [ f(x)dx— [ g(x)dx

[k fi @) £k, fo(0) %tk £, ()]

=k [ fdetk, [ £ (et 2k, [ £,(x)dx
Result 1:
[ f()de=F(x)+c then
J.f(ax+b)dxzm+c
a

(

(1) Evaluate [(7x — 2)2dx

SOLVED EXAMPLES

2+1
Generalization of (1), (2) and (3) Solution: 1= Ux=2y"
2+1)7
Corollary 1: If f, £, .......... f are real ( X )
integrable functions of x, and k, k, .......... k are _ (7Tx-2) ‘e
scalar constants then 21
| e




(2) Evaluate | {(11—9 +(4t+5)4}dt

7
Solution : I= I(n—éj dt+ (4t +5)*dt

7+1
(11_9 4t+5)" 1
= —x(—3)+¥x—+c
4+1 4

8
11-= +L+(4t+5)5+c
3 20

I
|
|,
VR
~

(3) Evaluate | { Lo }dx
(6x+5)* (8-3x)
Solution : 1= [(6x+5)*dx—[(8—3x)dx

(6x+5)7 Xl_|:(8—3x)_8}<%+c

3 6 -8
et
— |— = |——+c
18 ) (6x+5)° \ 24 )(8-3x)"

d
(4) Evaluate JJ_+—\7_2
X+~x—

Solution: 1= | 1 f—ﬁ
NP J—_JT
N
= x-2) —EI(\/Q—\/E)dx

= E[le/zdx—f(x—2)”2dx]
1 x3/2_(x_2)3/2
2{3/2 32 }C

_ %I:xm —(x- 2)3/2] T

3
(5) Evaluate: f(x+lj dx
X
. ;1 3
Solution: I= [| x +— +3x+— |dx
X X

= i—L+£+3lo |x|+¢
4 2x° 2 8

4 2
X

= —+3i+310 |x|—L+c
4 2 e
(6) Evaluate | %(2x+1)3a’x

3 2
I(SX +1+12x +6x)dx

Solution: I= >
X

= j(8x+12+6+i)dx 4x* +12x+6log|x|—7+c
X x

IS(X +1)
x2+1

(7) Evaluate

57 +D(x* =x* +1) "

Solution: I = f >
(x*+1)

= I5(x*=x*+Ddx=x° —§x3+5x+c

2
(8) Evaluate [x° (2——) dx
X

Solution: I = fx (4—E+ijdx
X X

[(4x* =12x% +9x)dx

4 3 2
X

42 12X 19 4o
4 3 2

9
x4—4x3+5x2 +c

3 2
(9) Evaluate | x +4x" —6x+5 dx
X

Solution: I = j(xz +4x—6+§)dx
X

fxzdx+4fxdx—6fdx+5fldx
X

3 2
X

T4 —6x+5log|x|+c
3002

(10) Evaluate j(ealogx + exloga) dx

Solution: I = J‘(elOgex" n elogeax )dx

a+l ax
+

= [(x"+a )dx—
a+1 loga

+cC




(11) Evaluate [ R
St+1

. 1
Solution: I = Je""dt+] dt
S5t+1

(=51
N +{log|5t+l|J+c

~(-5) 5

(12) If f'(x) = 8 + 3x* — 10x — k, £{0) = —3 and

A=1)=0, find f(x)
Solution: By the definition of integral

A= [ f'(x)dx = (8> +3x> —=10x — k) dx

= 8Jx’dx+3]x*dx—10]x dv—k | dx
X x’
=8—+3—-10——kx+c
4 3 2
fix)=2x"+x" -5 —kx +c
Now f{0) =-3 gives c = -3
and f(-1)=0 gives k=7
fx) = 2x* +x° —5x* - Tx -3

: EXERCISE 5.1

. =2

(i) Evaluate | dx
Jix—4—+[5x-2

2
(i1) Evaluate I(l +x+ %J dx

I3X3 —2\/;

X

(iv) Evaluate [(3x* —5)%dx

dx

(ii1)) Evaluate

(v) Evaluate | dx
x(x—-1)

5.2 Method of Change of Variable or Method
of Substitution

In this method, we reduce the given
function to standard form by changing variable
X to t, using some suitable substitution x = ¢(¢)

Theorem 4 : If x = ¢(?) is a differentiable
function of 7, then

[fode =] f[p@)] ¢ ')t

5.2.1Corollary 1:

" ' ( ) n+l
(7] o= %H

( SOLVED EXAMPLES )

7
1. Evaluate | de
x

Solution: Put log x = ¢

la’x =dt
X
7+1

I=ft7dt:t
7+1

+c=é(logx)8 +c

2. Evaluate | _ dx
2x+x"

Solution: I = I;dx

2x+ (lnj
X

n

= [—*
2x" 41
Put x"*" =¢
(n+1)x"dx=dt
dt
n+l
J- 1 dt
- X
2t+1) (n+1)

x"dx =

(vi)

If f'(x) = x> + 5 and f{0) = —1, then find the
value of f(x).

(vii) If £'(x) = 4> — 3x2 + 2x + k, {0) = 1 and

£(1) =4, find fix)

2

(Vi) IE£'(x) = ——kx+1, 0) = 2 and 3) = 5,

find f(x)

B 1 I dt

 (n+D)? 2t+1)
1

1 og|2t+1|+c

n+1 2

I= 2ot log‘Zx"+1 +1‘+c




4dx—6

3. Evaluate | dx

3

(x* =3x+5)2

2(2x-3)
—dx

(x> =3x+5)2
Put (x* =3x+5)=¢

(2x—=3)dx =

Solution: I= |

I=j%=2!t(2)dt

+c

Vx? =3x+5

4.  Evaluate

| (x+1)(x+log x)* d
—3x

Solution: I = (——)I(xﬂogx) ( +1jdx
X

(—ljf(x+logx)4[l+ljdx
3 X

Put x+logx=t.. (1+l]dx=dt
X

(Aoe-(3)

(—%j (x+logx)’ +c

+cC

5.2.2 Corollary 2: J.[f())} dx=log f(x)+c

3x

5. Evaluate | i dx

e +1

Solution: Put &> +1=1¢

1 dt 1,1 1
I[=]-— =—=]-dt = —log|t|+
153 = 3ld = Jloell+e
= —log e3"+1‘+c
6. Evaluate | v
x(logx—1)
Solution: Put logx—1=t¢
la’xza’t
X
g,
(logx—1) x
f%dt:log|t|+c:10g|10gx—1|+c
i(e + X)
7. Evaluate f dx =] dx—dx
e e +x

e"+x‘+c

-1 e—1
8. Evaluate [£ *X .
e’ +x°
Solution: Put e* + x°=t¢
(e +exNdx=
e(e” +x")dx =
(e +xdx = dt
e
I= fl dt = lfldt = llog|t|+c
re et e
= e +x°
e
1
9. Evaluate | x
xlog x.log(log x)
1 1

Solution: I = | )
log(log x) x.logx

Put log (logx)=t¢

3¢ dx = dt ! ldx =dt
dr logx x
3xdx
dx =dt
xlogx
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I=I%dt :log|t|+c
= logllog(logx)|+c

10x° +10".1og10

10. Evaluate |
10" +x'"°

dx

Solution: Put 10" +x'" =¢
(10".10g10+10 x")dx =

I:I%dt:log|t|+c

= log‘le +x10‘+c

11. Evaluate | !
l+e™* 1+ L
ex

o —(e +1)
Solution: I = [ de=] dx dx

e +1 e +1

e"+1‘+c

Zx_l

12. Evaluate I =I ezx N ldx
e

e'(e"—e
Solution: 1 = I(—) dx

e'(e"+e™)
ex_e :;(e +e )
e
e +e” +e
e +et|+c

5.2.3 Corollary 3: j&%} =27 (x) +c

5.2.3 Corollary 4:

S, @]
J{W:‘ dx = +c

13. Evaluate : .[

xn—l
dx
V1+x"

Solution: Put x" =¢

nx"dx = dt
X"dx=dt/n
1
I= =— 1+12dt
'[\/1+t j( )

(1+t)(2j vol
&
2

2
14. Evaluate | LAY
1+x°

1+x" +¢

_ !
- -

Solution: Put 1+x° =¢
3xldx=dt

ia’z 3x’dx = dt

I:J-\/;

= Wi+e=241+x  +¢

Integral of Type: I(ax +b)Jex+d dx

15. Evaluate [(2x+1)x—4dx

Solution: Put (x—4)=t
dx = dt
x=t+4

- j[z(z+4)+1]\/? dt=I(2t+9)\/; dt

3 1
= I(ztz +9t§jdt=2jt2dt+9j't2 dt

ISIE : ;

= 2ﬁ+9m+c=%(x4)2+6(x4)2+c
2 2

-1
16. Evaluate j (5-3x)(2=3x) 2 dx




Solution: Put2 —3x=¢
3dx=dt
dx=—dt/3 Alsox=(2-1)/3

NG

= Zs-as t)(t)(_zl)dt
|

%1 j 3+ t)(t)(_zl]dt

2 st

- —22-3x

3

2 2
-——(2-3x)+c
5273

2
17. Evaluate Jw dx

3

(2x+3)?
Solution: Put2x+3=¢

2dx=dt

dt
dx=—
2

t—3
Also x:(—)
2

2
5(1_3} +4(1_3)+7
j 2 2 dt

—— dt

18.

Solution: Let, I= |

dt

1 056230t +45+8t—24+28
_I [zj

4r?
1 ¢5¢2 =22t +49
_.[—

L3
- = j (51 221[ 1)+49t(_23]]dt

- —jz dt—— t(_l)dt 489 Udt

BT Iy

GGG

5
= —(Qx+3)"
¢ )

dt

11
——(2x+3)"?
5 )

= 429(2x+3) Yy

Evaluate | dx

1+ x4)2
X7 X4X3
A+x)? T (1+xt)

Put [+ x* =¢

4x°dx = dt

a4




: EXERCISE 5.2 j ( SOLVED EXAMPLES J

Evaluate the following.

@) j xy1+x2dx

(1) Evaluate J4e =25

2e¢" -5

dx

Put Numerator = A (Denominator + B

3
X
. d
(i) I 14 o (%Denominator)
(1i1) I(ex +e ) (e —e V)dx 4e" —25 = AQRe" -5) +B[di(2e" —5)}
(iv) I I+x y
V _ X _ X
e = AQ2e" -5)+B(2¢")
V) j(x+1)(x+2)7(x+3) dx = (24+2B)e" -54
Comparing the coefficients of e* and
(vi) I “lo gx constant term on both sides, we get
24+2B=4 & -25=-54
A=5and B=-3
4e* —25=5(2¢" —5)-3(2¢"
(...)I 2x+6 Lo (2¢7=5)=3(2¢)
viii X &y x
Tovenes 1= 9230,
2¢" -5
i) [ L & 3(2¢")
Vx +x = []5-222 |ax
2e" -5
1
(x) dx
Ix(x6+1) = 5ldx- 3I de
2¢" —

= —3log|2e" —
[ Activities ] Sr-3loglae’ -5+
For each of these integrals, determine a : EXERCISE 5.3 j
strategy for evaluating. Don't evaluate them,
just figure out which technique of integration Evaluate the following.
will work, including what substitutions you 3% 45
will use. 1 dt
5 ) I4e2’ -5
1 dx 2 ———dx
) leogx ) J.x2+5x+4 20-12e"
2) j ==
. 3" -4
x+5 e
J——da [
VxT+5x+7 36— 3" +4
3) '[ 2¢" -8 at

“+b x
5.3 Integrals of the form j aex = dx 4) J‘ 2¢" +5 i
where a,b,c,d € R ce + 2¢" +1




5.4.1 Results

3 JA; dx
’ Vox? +25

1 1 xX—a
1. dx=—1Io +c
sz—az 2a gx+a
1 1
Solution: I= = | —=dx
2. I 21 - dx =Llog ary .. 3‘[ 25
a —x 2a a—x X+ 9
3. J.; dx:log‘x+\/x2+a2‘+c :lJ‘ 1 dx
\/)62+a2 3 5 2
2
X+ =
1 2 2 (3)
4. j—dleog‘x+ X —a|+c
VXt —a’ -
= llo X+ [x7+ > +c
( SOLVED EXAMPLES ) - 38 3
Evaluate the following.
1 4 J‘;dx
1' .[9 2 4 dx V4x2_9
x —
. 1 1
Solution: I = lJ.—l = dx Solution: I= E.[ 9 dhx
0
x — J—
3
X_E = lj 1 dx
1) 1 3 27, 3 ’
= - 5 log >te D
o) b 2
3 3
B 1 3x-2 = —logx+ +c
= —log c \/
12 3x+2
) I 1 d 5. J‘;dx
C 6o xy/(logx)* =3
. 1
Solution:IzilJ‘ dx Solution: Put logx=t ..—dx=dt
9116, x
9 1
[=|———adr
_ lI; - (5)
9°(ay
3) 7 = loglt+r* —(5)?
—+X
= |
= . log +c o8
9 (4) 4
2 _ R
3 3
1 14+43x
24 4-3x
| 124 |




5.4.2 Integrals of the form I ) dx where  5.4.3 Integrals of the type J‘;dx

degree (P(x)) > degree (Q(x)).

P(x) I

O(x)

1. Divide P(x) by O(x).

Method: To evaluate I

After dividing P(x) by QO(x) we get

quotient ¢(x) and remainder r(x).

2. Use Dividend = quotient x divisor
+ remainder

ax’ +bx+c

In order to find this type of integrals we
may use the following steps :

Step 1 : Make the coefficient of x? as one if

.. 1 1
it is not, then — J. —dx
, b c
X +—x+—
a a

Step 2: Add and subtract the square of the

2
half of coefficient of x that is (;j to complete
a

P(x) = q(x) x O(x) + r(x) X 1 i | p
_ X =
P(x) (%) the square )7 ( b j ( b j c
—= = g¥)+ —= x| | o 2]+ S
0(x) 0(x) a"\2a) 2a) "a
1 1
P(x) —J. dx
—dx = x) dx + 2 2
IQu) Jat IQ() a x+bj L[ 4ac—b
2a 4a®
3. Using standard integrals, evaluate 1.
( SOLVED EXAMPLES ) ( SOLVED EXAMPLES )
{ Evaluate the following.
1. Evaluate [ = fﬂdx 1
x* -1 1. _[2— dx
N 2x +x-1
. X +x+1
Solution: 1= Jz—dx 1 1
x -1 Solution: I = Ej.ﬁ dx
x=0 X x——
D=x"- 1)x3+x+1 2 2
CP P UL S L
1 1

]:I(Q+%j dx

I j{ 2x+l}dx

x2 -1

1 4) 4
= J.xa'x+J. 22x dx+j 21 dx = 5 3 log 1 3 tCe
X -1 X -1 2 - x+— |+=
5 . 4 4) 4
- 2 _ _
= +log‘x 1‘+-‘-x2—12 dx+c 1
e = —log|" o|+c
= —+lo x =1+—=lo +c
2 g‘ ‘ g x+1 x+1
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1 2x—1
—log +c
3 2(x+1)
1
2. —— dx
J‘1+x—x2
1
SOlution:IZJ- 1 dx
I+———+x—x°
4
J 1 : h
- (1+j_(x2_x+]
4
1
I 5 2a’x
S A
2 2
5 1
1 2 2
log +c

1

—lo
J5

5_
—|+c
gJ§+LQx

ex
3. —  dx
j e +6¢* +5
Solution: Put " =¢
e'dx =dt

[ = IL
£ +61+5

_ I dt
£ +6t+9-9+5
_ jL
(t+3)*-2°

|@+3 2|,
2@) |a+3+2

1

j\/(x—z)(x—s) “

1

Solution: I = IZ— dx
Nx“=5x+6

Solution: T = I

Solution: x+1=4

=.[ ! dx

\/x -5x +§—§ 6
4 4

= lo (x—éj
8 2

I 2x+1

Vx? +2x+3

(22+2)-1

VxT+2x+3

I 2x+2

dx
d—
VX +2x+3 ) J.\/x2+2x+3

L
\/(x2 +2x+l)+2‘

2Jx* +2x+3 —log

2Vx° +2x+3—log‘(x+1)+\/x2 +2x+3‘+c

I x+1

VxT+3x+2

—(x2+3x+2)+B
dx
x+1=A2x+3)+B=2Ax+34+8B

24=1 and 34+ B =1 Solving we get

A ! d B -
= — an = —
2 2

= llo e +1 +c
4 %o s —@x+$—5
I: %dx
+3x+2
[126) 228




1 2x+3 2
S Rl s T sl () e

R RT — logltog -+ (tog 17 —5] +c
x+=| - =

\/( 2) (2) 5 IL

(x+§)+m *C¢ Solution: Put x* =¢

3x2dx:dt:x2dx=%

VX +3x+2—% log

5.4.4 Integrals reducible to the form

. I B J' 1 dt
[—— N
vax® +bx+c
To find this type of integrals we use the - g".\ltz +2t+1+2

following steps: 1

= —log|(t+ 1)+’ +2t+3

Step 1: Make the coefficients of x? as one 3
1

if it is not, ie I— —log|(t+1)+~t> +2t+3]|+¢

Va c 3

NES e |

@ (x3+l)+\/x6+2x3+3‘+c

= —log
Step 2: Find half of the coefficient of x. 3

5.4.5 Integrals of the form f

px+q
Vax? +bx+c

To find this type of integrals we use the
following steps:

2 2 2 2
(x+ij + 4ac—2b or 4ac—2b _()H_ij Step 1: Write the numerator px + ¢ in the
2a 4a 4a 2a following form

Step 3: Add and subtract ( coeff.of x)*
inside the square root so thagt the square
root is in the form

Step 4: Use the suitable standard form for d
px+gq =Ad—(ax +bx+c)+B
hx

evaluation.
( SOLVED EXAMPLES ) Step 2: Obtain the values of A and B by
equating the coefficients of same power of
dx x on both sides.
xy/(logx)* =5 Step 3: Replace px + ¢ by A(2ax + b) + B

Solution : Put log x = ¢ in the given integral to get in the form of

px+q

dx
7:‘# J‘\/ax +bx+c

2ax+b

1
_ dt =A dx+ B —d
b= J.\/t2—5 Iwc Ya +bx+c vax’ +bx+c )
1

Il
—
S5

—— d
t2—(\/§)2 =A ‘ax2+bx+c‘+B\/ax2+:sz
(127




( SOLVED EXAMPLES )

I 2x+38 v

VxP+6x+13

Let2x+8=4 di(x2+ 6x+13)+ B
X

2x+8=4(2x+6)+B

A=1,B =2
2x+6 2

- dx + dx
I\/x2+6x+13 '[\/x2+6x+13

= \/xz+6x+13+210g‘(x+3)+\/x2+6x+13‘+c

(using J.%dx =3/ f(x) +c inthe 1*integral)

2. I x+1dx
x+2

(x+1)(x+1) i

(x+2)(x+1)
_[ x+1
Vx* +3x+2

Letx+1=4 —(x2+ 3x+2)+8B
dx

Solution: I = J

=A(2x+3)+B
Comparing the coefficient of x, we get
1=24 and 1=34+8B

A= —and B= —

)_i

x+1
J. x +3x+

_ 2
VxP+3x+2 '[

dx  Solution: I = I

;(2x+3) ;
- [ [—2—a
J.\/)c2+3x+2 '[\/x2+3x+2
1
N —Elog
3 3V (1Y
X+= |+, x+=| —| = | |[+cC
2 2 2
1
_ lj (2x+3) ] 2 &
2V [ 3x+2 J{ 3) U
2
= \/x2+3x+3—%10g (x+%j+\/x2+3x+2 +c
3 J‘ 2x+1
NxP+2x+1

Solution : Let 2x + 1 A di(x2 +2x+1)+B
X
AQx+2)+B

2Ax +(24 + B)

2x+ 1
Comparing the coefficient of x, we get
2=2A and 1=24+ B
A=1 and B=-1

j 2x+1)- 1
VXP 4 2x+1
(2x+2) 1
= | —=dt — | ——=dx
J.\/x2+2)c+1 J‘\/)cz+2x+l
(2x+2) 1
——dx — | ——=dx
'[\/x2+2x+1 j\/(erl)2

= X +2x+ —log|x+1|+c

4, J 1+Txdx

(1+x)(1+x) v
x(1+x)




:J' (1+x) i
\/x + X

Letx+1=4 —(x2+x)+B
dx

x+t1 =A2x+ 1)+ B=24x+(A + B)

Comparing the coefficient of x, we get

1=24 and 1=4+B

A : dB :
= — andB= =
2

2
(2x+1)+l
J~ x+1 J‘2 de
Vxi+x Vxi+x
1
~(2x+1) -
= 2 dx+j 2 gy
X +x X +x
1
1.‘-(2x+1) J- 9
B VRO
**2) 72

1.5 1 1 1 (1Y
—2Vx"+x+—log| x+— |+, x+=| —| =
2 2 2 2 2

Vx* +x+%log (x+%j+\/x2+x

+c

.

EXERCISE 5.4

Evaluate the following.

1) j4x21_1dx
1
D s
1
3) J.4962 —20x+17dx
4 I4x4—;0x2—3dx

5) J.x—dx
6) Iﬁdx

1
——dx
7 J‘7+6x—x2

1
———dX
'[\/3362 +8
1
SR
Vx*+4x+29
1
0 [

8

N’

1
1) | ——dx
'[\/Jc2 —-8x-20

5.5 Integration by Parts.

5.5.1 Theorem 5: If u and v are two functions of
x then

[uv dc=ufv dx—j[jv dx%} dx

The method of integration by parts is used
when the integrand is expressed as a product of
two functions, one of which can be differentiated
and the other can be integrated conveniently.

Note:

(1) When the integrand is a product of two
functions, out of which the second has to
be integrated (whose integral is known),
hence we should make proper choices of
first function and second function.

(2) We can also choose the first function as
the function which comes first in the word
'LAE' where

L - Logarithmic Function
A - The Algebraic Function

E - The Exponential Function




SOLVED EXAMPLES

) = J(logt).1 dt

Solution: = xJe ™ dx— I [% (x)j ezxdx} dx

2.

[x e*dx

[logx dx

Solution: I = J(logx).l dx

3.

= (logy) | 1.dx - J[%(logx)jl.dx} dx

= xlogx — J.lxdx+c
X

= xlogx—fdx+c
= x(logx—-1)+c

[ x*log x dx

Solution: 1= (log x)x* dx

= (zogx)j Py — j {%(logx) j x3dx} dx

= (logt)jl dt — j { (logt)j 1 dt}
= tlogt- J' tdt +c
= tlogt— _[ dt+c

=  tlogt-1)+c

= (logx).(log (logx)—1)+c
5. j x.2 7 dx

. _ —3x d —3x
Solution: I = xJ- (27)dx — J[a xj (2 )dx} dx

@) @)
= 3(log2) ] —3(log2)dx+c
x(2—3X)

= 3(log2) 3(log2 j(z Jebere

x(2 3x> 1 2—3)(
- +e
B —3(log2) —3(log2) —3(log2)
—x27 11
3(10g2) 9 (log2)?

—3x

Integral of the type Ie" {(f(xX)+ f'(x)}dx
These integrals are evaluated by using

[t/ )+ fitde=ef(x)+c

_ x'logx 1¢ 4
= p —ij dx+c 1 J-ex(xlongrlJ i
\ X
x'logx ¢lx
- 4 _.[ZT detc Solution: I = I (logx+ j dx
_ X logx x* Put logx = f(x) f'(x)z—
4 16 X
[e t/ )+ £ @ldx=e" f(x)+¢
log(log x) 1
4, IT dx=f10g (logx) . dx = elogx+c
Solution: Put log x = ¢
1 (1+X )
—dx=dt 2. Je
B x (1+x)°
I = Jlogtdt 2-1)+2
¢ Solution: I = Iex & =h+2 )_; dx
(I+x)
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Put /(x) =1

x+1
2
f(X)_(x+l)2

[t/ @+ ode=e f(x)+¢
x(x—l)
= e|—|+c
x+1

[e* —(x+3) dx

3 (x+4)
Solution: I = [¢* (x+—4_21)dx
(x+4)
= j.ex{ ! - ! 2i|dx
x+4 (x+4)
1 von
Put f(x):x+4 and f'(x)= —(x+4)2

et/ G+ £ @ldx =" f(x)+¢

X

= e
x+4

+c

Integrals of the type J\/f +a’dx, j \/x2 —a’dx

2

j\/a2+x2d =§\/a2+x2+%log‘x+\/a2+x2 +c
2

I\/xz—azd =§\/x2—a2 —%log‘er\/xz—az +c

In order to evaluate integrals of form

I\/ ax” + bx + ¢ dx we use the following steps.

Step 1: Make the coefficients of x* as one
by taking a common.

2
Step 2: Add and substract (ij in

X+ b x+< to get the perfect square
a a

. ( b jz 4ac —b*
ol x+=—| 4+ -
2a 4a

After applying these two steps the integrals
reduces to one of the following two forms

Na* +x* dx,jxlxz —a’ dx which can be

evaluated easily.

( SOLVED EXAMPLES )

1. J.\/4x2+5 dx

5
Solution: I = J.2,/x2 +Z dx

= 2I x2+(§j2 dx

= 2 E‘/x2+§+ﬂlog x+‘/x2+§ +c,
2 4 2 4

= %\/4x2+5+%log‘2x+\/4x2+5‘+c

2. [Nox’—4 ax
/ 4
Solution: I = I3 x2—§ dx
2
= 3'[,/)62—[%) dx

_ 3[E xz—ﬂ}—tﬁlog

+¢
2 9

_ g\/9)627—4—§log‘3x+\/9)627—4‘+c
3. [Vxl—ax—5ax
Solution: 1= [ |J(x* ~4x-+4)-9.dx

i

—210g ‘(x—2)+\/x2 —4x—5‘+c
2




4. J- J1+ (logx)? i
X
Solution: I ZJ-\II + (logx)’ ldx
X

Putlogx =t

la’x:dt
X
- j\/1+12 dt

- % 1+¢ +%lo<g‘t+\/l+t2

(logx)\/1+ (logx)’
2

+%log ‘(logx) + 1+ (logx)?
Iex Ve +1 dx

Leter=1¢

+c

+c

Solution: Put e*dx = drt

6.

I

= I\/12+1 dt
= % t2+1+%log‘t+\/12+l‘+c
X / 2x
= %+%log ex+\/62x+1‘+c
I\/x2+4x+13 dx

Solution: I = _[\/xz +4x+4+9 dx

= J‘\/(x+2)2+32 dx
= x;2\/(x+2)2+32

32
+=-log ‘(x+2)+\/(x+2)2 13

7. _[\/x2+x+1 dx

/ 1 3
Solution: I = I X Hx+—+= dx
4 4
— j x+l 2+ ﬁ zd
2 2 | ¢

\/5 2
_ 1 x+l VXt +x+1 (2]
= 207" 2 N
2
log x+%+\/x2+x+1 +c

Integrals of the form f(px +q)ax® +bx+c dx

( SOLVED EXAMPLES )

I=I(3x—2)\/x2+x+ldx

Solution: We express 3x—2=4

d(x2+x+1)+B
dx
3Ix-2 =A2x+1)+B

= 2Ax+(A+B)

Comparing coefficients of x and constant
term on both sides.

2A=3andA+B=-2
A=3/2and B=-7/2

[:J.B(2x+1)—ﬂ\/x2+x+ldx
= %J‘(2x+l)\/x2+x+1 dx
—f%\/x2+x+ldx

Let

L =[x+ DV +x+1 d,
I, :_77J.\/x2+x+1 dx

+c
Put x> +x+1=¢ inl
+2
- xz VP +4x+13 wl= [Nede=gi"di
9 t3/2
+Elog‘(X+2)+\/x2+4x+l3‘+c = 3/2+c
1 132 ]




I = %(x2+x+1)3/2+01

I = ;J\/x2+x+ldx
- _—7{1()6+%j\/x2+x+1 +§log

2|2
Kx+%j+‘\/mu+c2

I = I+

ﬁ EXERCISE 5.5

Evaluate the following.

) [xlogx
2)  [xPetr
3) I > e dx
4 [xeax

1 1
5) Ie (; xzjdx

. X
6) Ie (x+1)2dx

. ox—1
7) je (x+1)3dx

8) Ie" [(logx)2 + %ﬁ} dx
X

1 1
9 | [@_Uogxf} o

logx
10) I (1+logx)

5.6 Integration by method of Partial
Fractions:

5.6.1 Types of Partial Fractions.

(1) If f{x) and g(x) are two polynomials then
f(x)/g(x) is arational function where g(x)=0.

(2) If degree of f(x) < degree of g(x) then f{x)/
2(x) is a proper rational function.

(3) If degree of flx) > degree of g(x) then
flx)/g(x) is improper rational function.

(4) If a function is improper then divide
fix) by g(x) and this rational function
can be written in the following form

X . Remainder
ACD) = Quotient+ ———  and can

g(x) g(x)
be expressed as the sum of partial fractions
using following table.

Type Rational Form Partial Form
{ pxtq A N B
(x—a)(x—b) x—a x-b
) pxziqxir A n B n C
(x—a)(x=b)(x—c) x—a x-b x-c
X+ A B
3 )2 6]2 - .
(x—a) x—a (x—a)
2tgxt A B C
4 px _qu_r N _+
(x—a) (x—-b) x—a (x—a)” x-b
px2 tgxtr A B C D
5 3 _ + _ 2 _ 3 + _b
(x—a)’(x—b) x—a (x—a)” (x—a) «x
px>tgxtr A N Bx+C
6 (x—a)(ax® £bx*c) x—a ax’tbxtc
where, ax’ +bx + ¢ is non factorizable
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( SOLVED EXAMPLES ] -

11 1

= —j—d -2 dx
49 x+3
x+1 1 11
L. J-x2+5x+6.dx = Zlog|x—l|—210g|x+2|+zlog|x+3|+c
x+1
jon: [= | ——— dx 1
oo I(“ 2x+3) ] (1+1 0?(11 )
x(1+1logx ogx
Consid x+1 A N B s s
onsider (x+2)(x+3) Cx+2 x+3 Solution: Put log x = ¢
x+1=A(x+3)+B(x+2) la’xza’t
X

Put x =-2 and we get A= -1

Pur x =-3 and we get B=2
x+1 -1 N 2
(x+2)(x+3) x+2 x+3

x+1
N J.x +5x+6 _I(x+2 x+3jdx

S e e

= —log|x+2|+2log|x+3|+c

2
5 J‘ X +2
(x—D(x+2)(x+3)
Solution: I = Consider
x*+2 A4 N B . C
(x-D(x+2)(x+3) x-1 x+2 x+3

P+2=Ax+2)(x+3)+Bx-Dx+3)+ 4
Cx—-1)(x+2)

I:J‘;dt

1+6)2+1)

t _ 4 N B
A+0)2+1) 141 2+t
Putt=-1 A=-1
Putt=-2 B=2

Consider

= —log|t+ 1| + 2log|t + 2| + ¢
= 2log|log x + 2| — log|logx +1| + ¢
= log|(logx + 2)|* - log|(logx + 1)| + ¢

‘[x3—4x2 +3x+11

> dx
X +5x+6

x+1=0

Putx=1 A=1/4
o [D=x* —5x+6]x’ —4x* +3x+11
utx =— = B —
x =3x+11
2
1x+22 3:1/41+ 22+11/;1 — (x}=5x+6)
(x-D(x+2)(x+3) x-1 x+ X+ 275 R
X +2
= 3 4.2
I(x—l)(x+2)(x+3) Express a 421x +3x+11:Q+£
x"—=5x+6
11
— 2x+5
1/4 2 4 (x+D)+————
= - + dx 2
I '[ x—1 x+2 x+3 x°=5x+6
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dx

_ J-x3—4x2+3x+11
x*=5x+6
2x+5

j(x+1)d +j o
S5x

X’ 2x+5
= —+X+.[2—
x —=5x+6
2x+5 A N B
X’ =5x+6 x-2 x-3
2x+5=A(x-3)+Bx-2)
Putx=2 we get4 =-9

dx+c

v

Express

Putx=3wegetB=11

2x+5 -9 11
I[= — = +
x =5x+6 x-2 x-3
2
[=x—+x+j( - + 1 de+cv
2 x—2 x-3
3 4.2 2
[:J-x 421x +3x+11dx:x_+x
x —=5x+6 X
—9log|x—2|+lllog|x—3|+c
j 3x+1
——— dx
(x—2)*(x+2)
Express
3x+1 A B C
2 - + 7t
(x-2)y'(x+2) x-2 (x-2) x+2

x+1=4x-2)x+2)+Bx+2)+
C(x-2)

Putx=2 B=7/4

x=-2, C=-5/16

Comparig Coefficients of x* on both sides
we get

A+C=0 A=5/16

S 71
Sx+l 16 .4 16
2 - 2
(x-2)y(x+2) x-2 (x-2)y x+2
[T NS RN
16 (x—2) 167 x+2

5 1
I—Elog|x— |———2)—Elog|x+2|+c
E’ EXERCISE 5.6 j
Evaluate:
2x+1
1 _exTt
) J(x+1)(x—2) g
J 2x+1
2) x(x—1)(x— 4)
Pyx— 1
3) -[ T yx— 6
K J‘(x 1)? (x+2)
3x-2
°) J(x+1)2(x+3) g
1
2 '[ x(x* +1) dx
1
7 JAx(x”Jrl)dx
8) J-5x2+20x+6dx
X’ +2x% +x
[ Activity ]
Evaluate: Ix—l
(x=3)(x-2)
Now, —=t 1] L]
T (x-3)(x-2) (x-3) (x-2)

There is no indicator of what the numerators

should be, so there is work to be done to find
them. If we let the numerator be variables, we
can use algebra to solve. That is we want to find
constants A and B that make equation 2 below
true for x = 2,3 which are the same constants that
make the following equation true.
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-1 A B 1 loglax+b
el D) 1 el
(x=-3)(x-2) (x-3) (x-2) (ax+b) a
x—1=A(x-2)+B(x-23) 2) o
ax+ e
[Jx+0 1=[ R+ 1B 3 Jertdi=— e
N ote:‘ Two po.lynomials are equgl if ‘[a bk g _ gk iy
corresponding coefficients are equal. For linear 4 " blo oa
functions, this means that ax + b = cx + d for all
x exactly whena=cand b=d 5 J‘./x2 +d° dx
Alternately, you can evaluate equation (2) 5
for various values of x to get equations relating = EJ\/ X +at+ a—log‘x +x*+a’|+c
A and B. Some values of x will be more helpful 2 2
than others 6 J‘ \/ﬁ dx
[ 1=1 ] 2
- = J.E\/xz—az—a—log‘x+\/x2—a2 +c
[1-1 ] 5 5
continue solving for the constants A and B. £(x)
=1
A= .B- 7. J.f(x) dx 0g|f(x)|+c
-1 [] N [] 8. jf(x)dx=2 F(x) +e
(x-3)(x-2) (x-3) (x-2) \ACY
n+l
x-1 [ ] [] 9 j[f(x)]"f'(x)dx=M+cn¢—1
I dx:J- dx+J.—dx ‘ n+1 ’
(x-=3)(x-2) (x-3) (x—-2) | |
_ dx=—-I1o +c
I=[ 1+I J+e 0. [ =g s
g 11. I 21 zdx:ngaH +c
Let's Remember a —x 2a “la-x
dx 2
Rules of Integration: 12. I [+ a? B log‘x+ X ra ‘+c
1. | [f(x) £ g(x)] dx = | fix)dx £ [ g(x)dx
) 13 J. dx =log‘x+\/x2—a2 +c
2. Jkfx)dx=k[f(x)dx ; where kis a constant. B e
3. If] fix) dx = g(x) + ¢ then,
[ flax + b) dx = lg(aerb)Jrc;a;«éO
a
Standard Integration Formulae.
n+l
I [(ax+bydx ) S T
a(n+1)
|




i MISCELLANEOUS EXERCISE - 5 :|

c) —logx+log(l—-x)+c

d) log(x—x*)+c

I. Choose the correct alternative from the
following. 9 J. dx B
1) The value of J. dx is (et ?)
Vl—x
a) Llog x+2 +c
a) 2Jl—x+c b) 2JI—x+c 15 “fx-l
1 x+8
c) + d) x+c by —lo +c
Ve ) 15 847
2) J.\/1+x2 dx: C) ilog x_8 +c
15 x+7
a) §1+x2+%log(x+\/l+x2)+c d -8 (x-7)+c
b 2 2\3/2
) —(d+x7)"+c LY
3 7) _[x+— dx =
L 2y d IR X
C —-U+x")+c B e
) 3( ) V1+x? 1 1Y
a) —(x+—j +c
\ 4 X
) [ de= 3 o
a) 3x3 b) i+c b) x—+3i+310gX—L+C
(3" +c 3.log3 4 2 2x°
9 log3(3) +c ) ¥G) c) x_4+£+310gx+i+c
4 2 x’
x+2 4x+6 1 d) -x")+e
4 ——dx=p | ——— dx+—
) I2x2+6x+5 pI2x2+6x+5 2
d er_l_e—Zx
I—z al then P=7? 8) J[—x]d -
2x°+6x+5 e
1 1 1
a) — b) — e’ — +c e+ +c
)3 ) 3 ) 3™ b) 3¢
1 S d) e+ ! +
¢) " d) 2 c) e +3e3x+c ) e 3 c
-2 _
) [ 9 [a-x7dv =
(x—x7%) a) (1+x)"'+c b) (I-x)"+c
- —-x)+
a) logy—log(1-x)+c ) (I-x)"-l4c d) (I-x)"+l+c
b) log(l-x*)+c
| e




) j (o +3x2 +3x+1) W IV. Solve the following:
(x+1)’ 1) Evaluate.
5
-1 -1 5x° —6x+3
_ — | +c i = -
RERTRE ® (x+1) I B
c) logx+1)+c d) loglx+1P+c 4
ii) j (5x+1)° dx
II. Fill in the blanks. {
5(x° +1) i) -[ 2x+3 dx
1. I 5 dx=x"+..xX +5x+c (2x+3)
x +1
x—1
24— v) dx
2. I%dx=x+ ...... +c '[Vx+4
x—2)(x—
| S v) If f'(x) = x and (1) = 2 then find the
3. If f'x)= . +x and f(1)= B then value of f(x).
2 . .f <
f(x)=logx+—+....... Vi) J.|x|dx ifx <0
4. To find the value of [V
- 1o find the value o N t 2) Evaluate.
proper substitution is .........
5. J.L}[log xqz dx = p(logx)’ +c then P = i) Find the primitive of I1+e"
X
...... ii) J‘ aeix + beix x
(ae™™ —be™)
III. State whether each of the following is 1
o dx
True or False. 1i1) _[ St Arloor 3xlogr
1. The proper substitution for
[ () (2logx+1)dxis () = . 1
1v) I NE dx
2. Iffxe*dxis equal to *f(x) + ¢ where C is
) . . (2x-1) 2¢" -3
constant of integration then f{(x) is V) I dx
2 4e* +1
VAC)) 2
3. Iffxflx) dv="—— then f{x) = e
fx) 2 ) 3) Evaluate.
(x—1) dx . dx
4. If | ———==4 log|x+1|+Blog|x—2 T
[y = A logint|+Blogh2 i) [ =
thenA+B =1 P
. X
-1 . R e e
5. ForI se'dx = e flx) + ¢, flx) =
(x+1) e
x+ 1) il —_—
( ) ) J. 9x* —25
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[ Activities ]

iv) j = ¢ dx
Ve +4e" +13

J- dx
v) x[(logx)* + 4logx —1]

1
H [——2xd
) I(x2—5x+4) e

Solution: x> ¢ T
vi) js o B A [ I B B
. =C(x-4H+DEx-1)
vi IW e
viii) = 2x dx = e
I4 _ j(x D(x—4) j{(x—l)+(x—4)}

4) Evaluate. -
1) j (logx)*dx

i) [e BLLL N
(2+x)

I(x—l) dx+‘[(x_4) dx

= + +C

x13/2 l+x5/2 I/de
iif) [ xe™dx 2 [ )

Solution: [xTx¥2 (1 + x°2) dx = |(x*?)? x3?

iv) Jlog(xz + x)dx (1 +x°?) dx
let 1 +x2=1¢
Ie&dx
dx = dt
vi) I\/x2+2x+5dx )
[ = g-I(t—])zﬂ”ah
.. T
vii) I\/x 8x + Tdx . %(t2_21+1)tl/2dt
5) Evaluate. 2
= 5l dt=| dt + df]
O el g
2x"—x-1 )
3 a2 = —{ - + 1 +c
i) J-Zx 2?ax 9x+1dx 5
2x"—=x-10 p
x .
i) I (1+1ogx) " 3) Im = e (given)
x(3+logx)(2+3logx)

I ! dx=tan"' x+c

2
1 I:I Bx+C

x +1
Solution:
(x+2)(x* +1) (x+2) (x* +1)




1=A*+1)+Bx+C)(x+2) 1
1 4) Ifj ——dx = f(x)+¢=fix)+ C, then the
Putx=-2 wegetA=§ XX
Now comparing the coefficients of x* and value of J. X dxisequal to ............
constant term, we get x+x
O=A+B 41
]ZJ- x +1 Iy —
and 1=A+2C R
-1 2 1 1
B=— , C== =|—dx-
5 5 J.x o J.x5+xdx
1 _L 1 Ox+O I= -  +c
(x+2)(" +1)  (x+2) (' +1) I=logx—f(x)+¢, ... ¢ =—c
B J~ dx (Ox _[ dx
(x+2) ‘x> +1 x*+1
= - + +c
DR R 8
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