3. INDEFINITE INTEGRATION g

Let us Study J

e Definition and Properties

e Different Techniques : 1. by substitution 2. by parts 3. by partial fraction
Introduction :

In differential calculus, we studied differentiation or derivatives of some functions. We saw that

derivatives are used for finding the slopes of tangents, maximum or minimum values of the function.

Now we will try to find the function whose derivative is known, or given f'(x). We will find g (x)
such that g’ (x) = f(x). Here the integration of f(x) with respect to x is g (x) or g (x) is called the primitive

d
of f(x). For example, we know that the derivative of x* w. r 7. x is 3x% So . x* = 3x?; and integral of
X

3x*w. r. t. x is x°. This is shown with the sign of integration namely ' f ". We write f 3x% - dx=x°.
In this chapter we restrict ourselves only to study the methods of integration. The theory of

integration is developed by Sir Isaac Newton and Gottfried Leibnitz.

f f(x)-dx =g (x), read as an integral of /(x) with respect to x, is g (x). Since the derivative of constant

function with respect to x is zero (0), we can also write

f f(x)-dx=g(x)+ c,where cis an arbitarary constant and ¢ can take infinitely many values.

A

Y
For example :

f(x) =x* + ¢ represents familly of curves for

different values of c.

f " (x) = 2x gives the slope of the tangent to
fx)=x*+c.

In the figure we have shown the curves

y=x', y=x'+t4,y=x-5. <

Note that at the points (2, 4), (2, 8) (2, —1) k
respectivelly on those curves, the slopes of tangents
are 2 (2) =4.

Fig. 3.1.1
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3.1.1 Elementary Integration Formulae

(1)

(i)

(iii)

(iv)

V)

(vi)

(vii)

(viii)

(ix)

x)

d (x"! (nt1)x"
R = B — ,I’Z#_l
dx\(n+1 (n+1) -
X
= X" = . fx"-dxz +c
n+1
d ((ax+b)"*! (n+1)(ax+b)"
dx \ (n+1)-a - (n+1)
(ax+b)"* ' 1
= (ax+b)" = =~ Jlax+ by di="r—— —+c
n+1 a
This result can be extended for » replaced by any rational P .
q
d a* *
_ =a,a>0 fax-dxz +c
dx \ loga loga
ax+b 1
JAw b dx = —+c,4>0
d logd a
—e'=e fex'dx=e"+c
dx 1
feax+b. dxzeax+b -+
d a
—sinx=cos x fcosx-dx=sinx+c
dx 1
[cos (ax + b)- dx =sin (ax + b)- —+ ¢
d a
—cosx=—sinx fsinx-dx:—costrc
dx 1
[sin (ax + b)- dx =~ cos (ax + b): —+c
d a
— tan x = sec? x fseczx-dxztanxch
dx 1
fsec2 (ax + b): dx=tan (ax + b): —+ ¢
d a

—secx=secx - tanx
dx

d

X

d
— cotx =— cosec’ x
dx

d
—logx =—,x>0
dx X

1
also f
(ax + b)

d—COSCC)CI_ cosecx - cotx =

fsecx “tanx-dx=secx+c

[ sec (ax + b)- tan (ax + b)-dx = sec (ax + b)- %+ ¢
fcosecx- cotx- dx=—cosecx+c

fcosec (ax+b)- cot(ax+b)- dx=—cosec (ax+ b)- éJrc
fcoseczx- dx=—cotx+c

1
fcosec2 (ax +b) dx=—cot (ax + b) —+ ¢
a

1
f—dx=logx+c,x7é0.
X

1
~dx=log(ax +b) —+c
a

We assume that the trigonometric functions and logarithmic functions are defined on the

respective domains.
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3.1.2

7

Theorem 1 : If fand g are real valued integrable functions of x, then

JU@+g@]-de=[ /@) dc+ [g(x) - dx

Theorem 2 : If fand g are real valued integrable functions of x, then

JUf@ g de=[f(x) dx— [g ) dx

Theorem 3 : If fand g are real valued integrable functions of x, and & is constant, then
JRLf@] - dv=k [ fx) - dx
Proof : 1. Let [f(x)-dx=g (x)+c and [g(x) dr=g, () +c, then
d d
o [(g, &)+ )] =f(x) and  —[(g,®) t¢c)]=g®
X dx
d
d_ [(gl (.X) + Cl) + (g2 (.X') + cz)]
X
d d
=l @ * )]+ =g, *c)]
X dx

=f(x) +gX)

By definition of integration.

[ /() +gx) (g, () +c)+ (g x) +c,)

J@-dre+[g) - dx

Note : Students can construct the proofs of the other two theorems (Theorem 2 and Theorem 3).

.

@) SOLVED EXAMPLES ]

Ex.:  Evaluate the following :
1. f(x3+3")'dx
Solution : f(x3+ 3%) - dx

= fx3'dx+f3"~ dx

x* 3
= —+
4 log3

+c




1 1
. inx+—+-==|"
2 f(smx . \3/;) dx

1 1
Solution : inx+—+ - d.
olution j(smx X —\/3?) X

1 Jl
— 3 . + R + - .
fsmx dx fx dx K dx
1 1
= fsinx-dx+f;-dx+fx 3 dx

1
3

+1

3.

f(taner cotx) - dx

Solution : f (tan x +cotx)” - dx

f(tan2 x + 2 tan x-cot x + cot® x) - dx
f(tan2x+ 2 +cot? x) - dx
f(seczx— 1 +2+cosec?x—1) - dx

f (sec? x + cosec? x) - dx

X
= —cosx+logx+1—+c = fsec2x-dx+fcoseczx~dx
-—+1
3 = tanx +(—cotx)+tc
2
= —cosx+logx+£+c = fanxTcotxe
- 2
3
\/;'f‘ 1 e410gx_ eSlogx
4. | e
x+x dx > x° dx
\/; 1 ) e4logx_ eSlogx
Solution : e - dx Solution : 7 - dx
_ elogx4_ elogx5
R - S T L
Vx (Vx +1) g
x4=x3
2. )
5 f 1 p = J(y—ljdx
2
= log(x)—x+c
= 2Vx+c
2x+3
6 fx “dx 2 2
5x—1 _ - _ -
2x+3—5(5x 1)+3+5
N R
Solution : FZQJFH 17
2. 5
2 I = f—+ “dx
5 5 Sx—1
- = —x+— -1 - —+
2x—? 5x 5 og (5x—1) 3 c
— 2 g (5x— 1)
17 = —xt+t-log(Gx—1)+c
3+—:? 3 25




dx

1
f\/3x+1—\/3x—5

Solution : dx

1
.f\/3x+1—\/3x—5

:f( 1 j_(\/3x+1+\/3x—5
V3x+1—-V3x—5)\V3x+1++vV3x-5

[ V3x+1+3x—5
3x+1—-3x+5
_ \/3x+l+\/3x—5.
6

:%'f((3x+ 1)% +(3x— 5)%j “dx

dx

dx

e 3
<1)Gx+D “dx+ [(3x—5)2 - dx

( 1 1
(3x+1)2 (3x —5)2

+
1 1
—+1]-3 —+1]-3
2 2

1 {2 32 El
—-«;(3x+1)2 +?(3x—5)2 +c

+1 +1

1
G e

( 3 3

ABx+1)2 +(3x — 5)7} +c

3
9. fx - dx
x—1
Solution :
-1+1
I = fx “dx
x—1
-1 1
x—1 x-1
- (+x+1 1
(x—1) x—1
= fx2+x+l+ j'dx
x—1

x> x?
= —+—+xtlog(x—1)+c
PR gx—1)

j.dx

3 J2x—7'
) V3x—2

Solution : Express (2x — 7) in terms of (3x — 2)

dx

2x —7 2 3x—2 4 7
i e — — +__
X 3(x ) 3

2 T
=3 G2

2 17

3(3)6—2)— 3 | .
V3x—2

[ 2 17

_ 3(3x—2) 3 e
L V3x—2  V3x-2

2[ 17 1
=—|V3x-2 'a’x——f - dx
3 3 Jy3x-2

2f(3 2)%61 17f1 d
30 o3 lym— ¢

i LA S 2. (m)%

+c

334 1

T

= &



1. [ecos’x - dx 12, [VT+sin3x - dx
Solution :  cos 34 =4 cos’4 — 3 cos A Solution :
1 3x 3x 3x
[ = Z(cos3x+3cosx)-dx [ = J. cos —+sm —+2sm7 cos dx
1
= —(sin3x-— +3sinx)+c 3x 3x
4 3 = f cos—+s1n7) - dx
1 ; 3
= ——sin3x+—sinx+c 3x 3x
12 4 = f(cos —— +sin —j dx
2 2
3x 1 3x 1
= sm; 3 sy +c
2 2
2(  3x 3x
= — ——cos— | +
3 | sin —cos c
13. fsin“x-dx 14. fsinSx-cos 7x -dx
Solution : Solution : We know that
I = f(sinzx)z-dx 2sinA - cos B=sin(4+ B)+sin (4 — B)
1 : 1.
_ f(—(l—cosbc)) - dx I = 5f2$1n5x-cos7x-dx
2
1 Ly :
= Z-f(1—2cos2x+cosz2x)~dx = Ef[sm(5x+7x)+sm(5x—7x)]~dx
! ! —lf'12+'—2-d
= )| 1= 2c0s 26+ (1+cos dv) | dr = 5 )Isin(12x) + sin (722)] - dx
1 1.1 - lf(in12 — sin 2x) - d
= 4 )| 17 2cos 2x+ 4 cos 4x | - dx = o JSILax TSI ox) dx
1 3 1 1 1 1
= Z-j(5—2cos2x+5cos4xj-dx = o —cos 12x - E+cos2x ) te
1 1
1 [3 I 1 1 _
I = ——cosl2x+—cos2x+c
= — = —+— — |+
4 Lx 2 sin 2x - ) 2sm4x 4} c 24 4
I B
= —=x- +— +
7 | ¥ T sin2x+ osindy it e
sin® x — cos® x 1 i 1
15. fﬁ.dx — f( Smx ' .Cf)sxj.dx
sin? x-cos’ x COsSX cosx sinx sinx
Solution:I:f(_ sinx . cos’ x j_dx = f(secx-tanx—cosecx-cotx)-dx
sin? x-cos’x  sin? x'cos?® x _
i = secx—(—cosecx)+c
sinx  cosx
= f( 5 )dx I = secx+cosecx+c
cos’x sin’x

. .



1
16. f— < dx
1 —sinx
Solution :
- J( 1 j(lJrsinxj
1 —sinx 1 +sinx
f 1+sinx
= ——— - dx
1 —sin®x
1+sinx
= - dx
cos? x
1 sin x
cos’x  cos*x
= f(seczx+ secx - tanx) - dx
= tanx+secx+c
Activity :
COS X — COS 2x
18. — - dx
1 —cosx
Solution :

“dx

J

COS X — COS 2x

17.

I =

COS X
— |- dx
1 —cosx

Il

Solution :

COS X

el

cos x (1 + cos x)

I
J

1+ cosx
-~ dx
1+ cosx

1 —cos*x
cos x + cos® x)
S “dx
sin® x
cosx  cos’x
— T ~dx
sinx  sin’x

f(cosec X - cotx + cot’ x) - dx
f(cosec x - cotx+cosec’x— 1) - dx
(—cosecx)+(—cotx)—x+c

—cosecx—cotx—x+c¢

dx
1——cosx
fcosx— ............ )
< dx
1——cosx
COSX ™ v vemannnnn.
J “dx
1—cosx
f cosx(1l—cosx)+ ..........
“dx
1 —cosx
f{cosx+ .......... -
1 —cosx

f[cosx+(1 + cos x)] - dx

f(1+ZCosx)-dx

x+2sinx+c¢




19. fsin’1 (cos 3x) - dx 1 — sin x
21. ftanl - dx
Solution : 1 +sinx
) . Solution :
I = fsm‘1 sin——3x |- dx
2 _ T
|1 —cos [— x]
. [ = [tan’ 2 “dx
= f(?—%cj'dx 1 +cos (5 —x]
T x? = j tan™! 2 sin’ [% _ %j - dx
= Sx-35+*c 2 cos’ (5 — 5
X
sin 2x = f tan”! [tan?| — — —) dx
20. tan! | ———— |- dx 4 2
1 +cos 2x
ToX
Solution : = j tan™! {tan (T - Tﬂ “dx
1 + cos 2x
I = cot!'|———— |- dx T X
sin 2x = a4 2 ) dx
2 cos’x >
(2 ) ENETN
2sinx ‘- cosx 4 )
= f cot!(cotx) - dx T x?
= —Xx——*tc¢
2 4 4
= Jx-dx = 7+c
( )
LEXERCISE 3.1 )
I. Integrate the following functions w. . ¢. x : III. Evaluate :
212 ] X 4x+3
1) ¥*+x*—x+1 (i1) xz(l——j () x+2 dx (i) w+1 dx
X
1 Sx+2
(i) 3sectr = w7 i 5 <1V>Jv— i
3 4 3x° —2x+5 2% —7
: 3_ - o= X sin 4x
(v) 227 = 5x X i x° ® xx ) f\/4x— 1 dx V) Jcos 2x

II. Evaluate :

sin 2x

(i) f

(i) [tan?x - dx

CcOS X
cos 2x

(iii) (iv) f 3
cos’ sin” x (x)
cos 2x _sinx V7x—2-+7x=5
V) | dx (vi) - dx
sin? x- cos? x 1 +sinx

tan x

(vii) j

sec x + tan x

(vii) [vT +sin5x - dx

. f 2
(IX) m dx

3
V. ff(x)=x——
X

~dx (viii) [VTFsin2x-dx

(ix) f\/l —cos2x - dx  (x)[sin4x-cos 3x-dx

4

(viii) [cos? x-dx

-dx

S = % then find £ (x).




3.2 Methods of integration :

We have evaluated the integrals which can be reduced to standard forms by algebric or trigonometric

simplifications. This year we are going to study three special methods of reducing an integral to a
standard form, namely —

1. Integration by substitution
2. Integration by parts
3. Integration by partial fraction

3.2.1 Integration by substitution :
Theorem 1 : Ifx=¢ (¢) is a differentiable function of #, then ff (x) - dx= ff [0 (D] ¢'(2)dr.
Proof : x = ¢ (?) is a differentiable function of z.
dx | y
o o' (1) ]
Let [ /(@ dr=g (@)= —-[g (@] =/()
By Chain rule,
d d dx
E[g(x)] _E[g(x)] r
.
=/ (x) 7
=fLoO]-¢" (1)
By definition of integration,
g@=[fLo1- ¢ @ - dr
J @) - de=[f1o 01 ¢ @) - dr
For example 1 : [3x2 sin (x%) - dx
Let x*=t¢
3x*dx=dt
= [sin ¢ - dt
=—costtc

=—cos (x*) + ¢

= &




Corollary I :
Ifff(x)'dng(x)Jrc
1
thenff(ax+b)-dx=g(ax+b)—+c
a
Proof : LetI=ff(ax+b)-dx
put ax +b=t

Differentiating both the sides

1
a-dc=1"-dt=dx=—dt
a
1
I =)f( - —-dt
Jro-—
1
=—-Jrw-ar
a

Q| —a |~

g te
=—-g(ax+b)+c
1
oo [flax+b) - de=g(ax+b)—+c
a
For example : [sec? (5x — 4) - dx
1
=?tan(5x— 4)+c
Corollary IIT
/')
S @)

‘dx=log (f(x))+c

')
)

Proof : Consider J -dx

put f(x)=t¢
Differentiating both the sides
f'(x)dx=dt

C ol
=log(t)+c
=log (/(x)) +¢

S (x)
S

dv=log (f(x) +¢

Corollary II :

JUr@1 1 (o-dx = %

Proof : LetI=[[/(x)]"*" - f'(x)-dx
put f(x)=t
Differentiating both the sides
f'(x)dx=dt
I =[[-at

tn+1

= —+ -
p— c , n+-—1

U@

n+1

s JUer S @y de =

+c,n#+-1

+c

[/ (]!
n+1
(sin 'x)*

-z

1
= f[(sin 1x)°] - ( — xzj. dx

~_ (sin 'x)*
4

For example : f dx

+c

For example : [cotx - dx
cos X
= : dx
sin x
d

—sinx =CcoS x
dx

d .
f —sinx 4
pr— ‘—' x
sin x

=log (sinx) + ¢




Corollary IV
/')
—m'dx =2 \/m +c

S )

VS ()

Proof : Consider -dx

put f(x)=t¢
Differentiating both the sides
f'(x)-dx=dt

S )
V()

dx=2Nf(x)+tc

!

Using corollary 111, f ]; (5;)

functions.
3.2.2 Integrals of trignometric functions :

1. [tan x - dx

Solution :

I = [tanx-dx

f COS X
—sinx

_ . dx
CcoS X

—log (cos x) + ¢

sin x

“dx

log (sec x) + ¢

1

dx
xvlog x

For example : f

.

f(ilogx
= dx .
Vlog x
=2+logx+c

‘dx = log ( f (x)) + ¢ we find the integrals of some trigonometric

Activity :

2. [cot (5x— 4) - dx

Solution :

dx




3.

[sec x - dx =log (sec x + tan x) + ¢

Solution : Let I= [secx - dx

d
d—(secx+tanx)=secx *tan x + sec’ x
X

(sec x) (sec x + tan x)

X
sec x +tan x
sec’x +secx - tanx
dx
sec x +tan x
sec x - tan x + sec? x
dx
sec x +tanx

[sec x - dx =log (sec x + tan x) + ¢

Also,

X T

[sec x - dx =log [tan (7 + Tﬂ +c

@) SOLVED EXAMPLES |

Ex.:

1.

Evaluate the following functions :

cot (log x
f (og)
X

cot (log x
Solution : Let] :f(Tg) < dx

put logx=t
1
—-dx=1"-dt
X
= [cot ¢ - dt

=log (sint)+c

= log (sin log x) + ¢

Activity :
4. [cosec x - dx =log (cosec x — cotx) + ¢

Solution : LetI=Jcosec x - dx

(cosecx)(.......... )
_ J’ ................ e

- dx

= log(cosecx —cotx)+c

[cosec x - dx =log (cosec x — cot x) + ¢

Also,

X
[cosec x - dx =log (tan 7) +c

fCOS\E‘dx

Vx

cos Vx
N - dx

2.

Solution : LetI :J

put \x=¢
1
——dx=1"-dt
x

1
— - dx=2"dt
Ve

=2 [cos t - dt

=2-sint+c¢

=2 -sinVx+c

:



-

Solution : [ = jsec7x - secx -

sec x

COSEC x

1

CcoSeC x

1
=fsec7x- ~sinx - dx
COS X

= [sec’ x - tan x - dx
= [sec®x - sec x - tanx - dx
put secx =t
secx - tanx - dx =dt
=[t°- dt
t7

7

5. fssx-sx-dx

Solution : 1= fssx L 5% dx

I

.

Solution :

put 5*=¢
5*-log5-dx=1dt

5-dx=10g5~dt
[sa

- log 5 !
log 5 ]
1 5 1

= . . +
log 5 log 5 ¢
1\ .

= . 5_l’_
(logS} e

e (1+x)

— "
cos (x - eY)

put x-e'=¢
Differentiating both sides
(x-et+e 1) de=1dt
e(l1+x)-de=1dt

dx

1
4. Jx+\/;'dx
. f 1
Solution: 1 = x+\/;-dx

:f\/}(\/l}Jrl)'dx

put Vx+1=¢
1
——dx=1-dt
x
1
——-dx=2-dt
Nps

' X
1
t

1
t

=2-log(t)+c
=2-log(x+1)+c
1
6. —- dx
1+e™
1
Solution : 1= — dx
l+e™

er
=f “dx
e+ 1

i(e"+1) Cdx= e
dx

=log[e+1]+c

1
o
cos ¢t

= [sec - dt
=log (sect+tant) +c

= log (sec (xe") + tan (xeY)) + ¢

:



.

Solution :

put 3x"+ 7=t

Differentiate w. r. t. x

1 9. f(3x+2)\/x—21'dx
o dx
3x +7x"
1 Solution: put x—4=¢
Consider fm -~ dx x=4+t
| ) Differentiate
e X = [[3(4+0)+2]NF ar
_f X 1
= g & = [(4+30)- 2 at

1 3
J(14t2 + 3z2j - dt

0| w
| v

~
~

14 +3 - dx

N |
SRV

28

3 6 3
—(x—-4dH2+—x—4)2 +c
3 5

dx

3n+1)x"-de=dt
1 -
X 'dx—3(n+1)
1
j 3n+1) -dt -
t
= m'log(t)+c
= m-log(3x"”+7)+c
sin (x + a)
10. fm'dx
Solution :
~ jsin[(x—b)+(a+b)].d
cos (x — b) o
~ fsin(x—b)‘cos(a+b)+cos(x—b)-sin(a+b) .
B cos (x — b)
~ fsin(x—b)-cos(a-l-b) cos (x — b) - sin (a + b)
B { cos (x — b) " cos (x — b)
= [[cos (a + b) - tan (x — b) + sin (a + b)] - dx
= cos (a+b) - log (sec (x — b)) +xsin(a+b)+c
o



e+ 1
11. J < dx
e —1

Solution :

e —1+2
I = |——
e—1

SEENER
:ﬂHexz—l)dx

2
=Idx+Jm'dx

X

e
=Ildx+2f I - dx

put (1 —e™=t
Differentiate w. r. . x
—(e™) (-1)-de=1dt
e*-de=1dt
1
[ = Ildx+2J7-dt
=x+2-log(t)+c

=x+2log(l—e*)+c

fe"-Fl
e —1

cdx=x+2log(l1—€e*)+c

1
12. f—wjx
1 —tanx

Solution :
1
I = —7F7dx

sin x

1 —
CcOoS X

f COS X
COS X — sIn x
COS X

= dx
\5( 1 1 j
\Ecosx \Ecosx
1 COS X J
= — . X
V2 cos Ecosx— sing sin x

. cosx
\/— “dx
cos x

SoX=t——
4

put x+—=t
4

Differentiating both sides
l-dx=1-dt

cos
\/_ j cos t - dt

T
J costcos—+smtsm—
4

- dt
cos ¢

\/_

T %Jthant} dt

1
-@[t+10g(sect)]+c

T T
=—|x+—+logsec|x+— }Lc
2{ 4 ( 4]

_ﬁ|_

acosx+bsinx

Ti luate the integrals of t J : - dx,
o evaluate the integrals of type [-————— = — X

Nr =X\ (Dr) + p (Dr)', find the constants A & p by compairing the co-efficients of like terms and then

express the Numerator as

integrate the function.

= &




EXERCISE 3.2

A)

I. Integrate the following functions w. r. £. x :

3
| (log x)" (sin"'x)2
s =
5 1 +x x-sec? (x?)
~ x-sin (x + log x) Vtan? (x?) IL
5. e3x . (x2+ 2) . yxttanx
e +1 (x*+1)
. e* - log (sin ¢) e+ 1
' tan (e¥) e —1
. 1
9. sin*x-cos’x 10, ——
4x + Sx7!
1. x°-sec?(x') 12, edloer(xi+ 1)
13 Vtan x 14 (x— 1)2
© sin x'cos x C
2 sinx'cosx 1
15. : 16, ———
3 cos®x + 4 sin® x Vx +4x3
1 10 x° + 10*-log 10 " x"!
' 107 + x10 ST+ 4
19. 2x+ 1Vx+2 20. x> Na*+x?
1 2
2. (5-3)(2-3%) 2 22. 7+4x—+53x
(2x+3)2
3.2.3 Some Special Integrals
1 1 X
1. S dx=—tan'| —|+¢c 2.
x“ta a a
3 f : d : 1 arx 4
. cdx=—— + .
- T2 %®la—x)" €

1
5. fﬁ-dx=log(x+\/x2—a2)+c 6.

1

1
- . [ —1
/. fx x> —a’ dx a se¢ [

X
—|+e
a

4

23. 24, ————
9—x¢ x(x*—1)

1
25.
x-log x-log (log x)

Integrate the following functions w. r. t. x :

cos 3x — cos4dx 5 COSX
sin3x + sin4x - sin(x—a)
3 sin(x — a)
"~ cos(x+b)
1
4, -
sinx-cosx + 2 cos*x
s sinx + 2 cosx 6 1
" 3sinx +4 cosx " 2+ 3tanx
4ex—25 20+ 12 e*
7. — g, —
2e*—5 3e +4
3e>+5
9, — 10. cos®x-cotx
4e*—5
11. tan’ x 12. cos’x

13. tan 3x-tan 2x-tan x

. 2 .
14. sin’ x-cos® x 15. 3cs°~.gin 2x
sin 6x sin x-cos® x

sin 10x-sin4x 1 + cos*x

1 1 xX—a
fxz_a2~dx=zlog(x+aj+c

1 b
f—w'dxzsinl(zj-i‘c

1
f—m-dx=log(x+\/m)+c




While evaluating an integral there is no unique substitution, we can use some standard substitutions and try.

No. Function Substitution
l. a?—x x=a-sin O (x =a-cos O can also be used.)
2. va? +x? x = a-tan O
3. Vx? = a x=asecH
4. Zli X =a-cos 20
1 1 X
1. S cdx=—tan'| — |+ ¢
x‘ta a a
Proof :
1
Let 1T = Ty S dx
rord Alternatively
X
putx=a~tan9:tan9=g Cosider,
d[1 X
X — tanl | =
i.e.G:tanl[Zj EL tan‘(ajJrc}
sdx=asec*0 - do dT1 X d
=—|—-tan'| — [[+—¢
1 , dx | a a dx
I = m-a-sec 0-do
1 1 d (x
a-sec? 0 =————— | |t0
= — . 0 a X dx
a*(tan’ O + 1) 1+ —
c? 0
:jse— - do 1 1 1
a.SeC29 :_.—2._
a lex a
1 -
=—[de @
a 1 |
1 W
=—0+
a ¢ a2
1 (X _ !
1 b (x Therefore,
R VI o .
by definition of integration
1 1 X
_ 1 1 X
2. dx=—_tan| — |+ _ .
©8 fx2+52 s (5) ¢ fx2+a2'dx—;tan‘(z)+c
. /
A\



1
2. .].xz—az.dx

Proof :

Let 1 :fxz—az

1

2a

“dx

1 X —d
og ta +c

1
= —-d
f@+m@—m g
1 71 1 7
=|—" - < dx
2a [x—a x+ta]
1 1 1 7
—_— . — .dx
2a J|x—a x+ta|

1
=5, [log(xr—a)—

log(x+a)]+c

Activity :
; f 1 J 11 a+x
: cdx = +
a* —x? . 2a 08 a—x ¢
Proof : Consider,
1
I = R dx
Jo
= . x
C..00..0)
1 71 1 7 p
2a | ] o
1 i 1 7 p
" 2a i a+x| .

1 | XxX—a
= +
2a 08 x+a ¢

1
_ — + i
P [ log (a + x)

1
=5y log[ j+c
f 1 J 1 | a-+x
cdx=— +
a’—x? o 2a 08 a—x ¢

f Lo (44
. Cdx = +
8 16-x 2@ Bla—x) €

log(a—x)]+c

1 X
4 f—m'dxzsinl(gJ-i‘c
Proof
1
Let T = W-dx
X
put x=asinf = sinezz
_ X
0 =sin! (—j
a
dx=a-cos0do

1
b Rl

a-cos 0

aN1—a*sin?0 14

fcos 0 76
cos 0

[1-do

= 0+c¢

X
~dx =sin! (—j +c
a

X
dx =sin! (gj +c

Je=

e [

. S® .



1
> fm'dx:log(x+x/m)+c
1
Proof: Let I:jm'dx

X
put x=asecb = O=sec’! (Zj
dx = a-sec 0-tan 0-d0

6.

Activity :

1
fm rdx=log (x +Va¥=¥*) +c

Proof : use substitution x =a - tan0

e.g.

1
B fm asec 0-tan 6-d0

a-sec O-tan O
a*(sec’0 —1)
a-sec O-tan O 7o
Va* tan?0

f a-sec O-tan O

a-tan©

do

= fsec 0-do
= log(sec 0 +tan 0) + ¢

= log(secO++sec20—1)+c

x /Tl

__|_ o +C
a a? 1
a a? 1

c V=T
EAS T P

= log

= log

= 1
og p

= log(erm)—logaJrcl
= log(x+m)+c

where ¢ =c¢,— log a

1
Jﬁ'dx:log(ﬁm)w

1
fm'dx:log(x+\/M)+c

Activity :

1 1 ¥
—— =— -1 +
7. fx - dx | sec (aj c

Proof :

1
X
put x=asec6 =  0=sec’ (;)
dx =a-sec O-tan 0-d0

1
! B .[asece ..... _az' .........

_ tan 0 o
= —[1-d0

a

1
= —0+c

a

1 x
= —sec!|—|+ec

a a
L S e B
V2 — g2 X aseC P c

1 1 ¥
343 _— _ -1 +
e.g Jx ol dx g Sec (8] c

/,
¢ OG0 .
AN



3.24
1

1
In order to evaluate the integrals of type f i birc dx and f m dx
we can use the following steps.

b c

(1) Write ax* + bx+ c as, a (xz +—x+ —j , a> 0 and take a or \/a out of the integral sign.
a”  a

b b
(2) (xz + . xj or [Z X — xzj is expressed by the method of completing square by adding and

1 2
subtracting [5 coefficient of x] :

(3) Express the quadractic expression as a sum or difference of two squares
ie. ((x+PB)?+a?)or (o= (x +B)?)
(4) We know that [fo)dx=g@)+c = [fx+P)dx=gx+P)+c
1
J flax+B)dr=—g(ox+P)+c

(5) Use the standard integral formula and express the result in terms of x.

3.2.5
1

asin’x+bcos’x+c

In order to evaluate the integral of type f dx

we can use the following steps.

(1) Divide the numerator and denominator by cos? x or sin? x.
(2) In denominator replace sec’? x by 1 + tan? x and /or cosec? x by 1 + cot? x, if exists.
1

at* + bt+ ¢

(3) Puttan x = or cot x = ¢ so that the integral reduces to the form f

(4) Use the standard integral formula and express the result in terms of x.

3.2.6
1
To evaluate the integral of the form f . - dx , we use the standard substitution
asinx+bcosx+c
X
tan —=1.
an -
X ) x 1
If tan 5= t then (i) sec? E-E-dx =1-dt
) 2 2 2 dt
le.dx = dt= = 57
seczz 1+ tanzz
X
2 tanz 2¢
(i) sinx= X = Tip
1 +tan 5

. .



X
_ 2
1 —tan 1-p

2

(i11)) cosx =

X 1+p

1 + tan’—
211’12

Weput tanx=¢ for the integral of the type J

therefore dx
sin 2x
and cos 2x

With this substitution the integral reduces to the form f
ax

1

asin2x+bcos2x+c

1

integral formula and express the result in terms of x.

@ SOLVED EXAMPLES |

Ex.: Evaluate :
N
’ 452+ 11 .
1
Solution : I = —_ -dx

2
1 1
xz_i_az-dXZZtan’1 —|+c
I = l : - tan™! a
4| V11
2 2

1+7 dt
2t

57 -dt
1-7
1+7 dt

1

————  dx. Now use the standard
+bx+c

1

2. & — by ~dx
1

Solution : I = —_— . dx

b
1 1 a+x
faz—xz dx=2—log( _x]+c
a
(I s
I = 2 a4 “log| —, +c
2(5) Ve
a
(I s
= = - log +c




1
3 fﬁd
1

Solution : 1= f— “dx

|
—
=
S

V3
cdx=log |x+Vx’—d | +c

5?f7:?ﬂ7ﬁ

[

Sl

11 27
NEI R T

1
> f\/3x2—4x+2'dx

Solution: = f - dx

s~ (2]

35797973
I |
- E.J 4 4\ (2 4
[xz_?X‘f‘gj-F(?—g)
o
- &

1 A%
-log(x+ xz—(\/—?j J+c

1
4 Jx2+8x+ 12.dx

1
Solution : 1= fx2+8x+16—4 “dx

1
- f<x+4)2—(2)2'dx

f 1 J 11 xX—a
. P — +
x> —a? o 2a 08 x+a ¢

1 (r+4)-2
2(2)'1°g((x+4)+2j+c

1 | x+2
= — +
4 g x+6 ¢

f 1 ol (32
e e — +
2rsx+r12 P 4% e )€

f—,—xziaz-dx=log|x+m|+c
1 2 2\ (V2Y
:ﬁMJ@“ﬂ+(V?){7J)”
1 2 L4 2
Zﬁlog (( —?j-i- x—?x+?j+c

. .



1
" J3—10x—25xz - dx

Solution :

e

1 2
{(3 coefficient of xj

G5

25 ) 3 N S
3 (., 2 vt
25 X T 55T 55 T 55

Activity :

1
! fﬁ'dx

Solution: I =

1 2
{(E coefficient of xj

-Gen-()-4]

_ J 1 .
\/1_(X2_X+Z_Zj

_ f 1
[ |

:f ﬁzl _
\/(Tj_(’“g)

BRIP4




g f sin 2x J
’ 3sinfx—4sintxtl

sin 2x
Solution : I = J ; 3 ; “dx
3 (sin*x)” — 4 (sin® x)+ 1
put sin’x=¢ o 2sinx-cos x-dx = 1-dt

|

= . t

3|17 : +1
Fm3ir3

1 2
{(E coefficient of tj

1 4V 2V 4

eEe

I 1

=73 4 4 4 1 ¢
P—mt+ -+
3797973

I 1

B [ﬂ_iﬁij_i'””
3779) 79
I 1

Il
N — o
)
0
7\
[U'S]
4.
=)
[ ]
=
|
(98]
N
+
o

J‘ sin 2x J
3sin*x—4sin’>x+ 1 Y

1 | 3sin?x—3
= —_— e — +
2 %8\ 3simx-1 ) €

‘

9.

o=

Solution :

put

¥

X
2

x_ex

= sin!'(¢)+c

= sin!(e)+c

X
2

e

“dx=sin"" (e¥) + ¢




10.

Solution :

put

put

J(Ntan x + Vcotx ) - dx

1
1 =f( tanx+mj' dx
tanx + 1
N Vtan x dx
Vtanx =¢

SLtanx=¢ . x=tan'#?

l-dx = > 2t dt

1
1+ (%)
sec? x ~dx =2t dt
2t 2t 2t

dx = dx=————dx= :
. sec? x . 1 +tan®x . 1+ ¢4

ftl+1 2t J 2ftﬂ+1 J
t L+t M=) d

dt

= /2 tan’! ! +c
\2

=1

V2 ¢

= /2 tan!

+c

tanx — 1

\/f-\/tanx) e

= /2 tan!

1
e

X

put tan —=¢

Solution :
olution >

1—1¢
1+¢

dx = ‘dt and cosx=

1+ 7

+2

f 1+7
= - dt
50+2)-4(1-1%)

1+
S
T Jsospoa—ap @

j 2
= Jopsg

2 1
Sy Ay
Z0
3
2 1
= 3 ‘tan”! +c

2
= §~tan‘1 2t)yt+c

2 X
= §~tan‘1 2tan3 +c

f 1 p 2 [ 5 X
S| ———— - dx=—-tan” — |+
5—4cosx o 3 tan tan2 ¢




1 f 1
. — 13. - :
12 J2—3sin2x i 3 3—2sinx+5cosx d
. X
Solution : put tanx=¢ Solution : put tanEZt
1 2
dx = 1+t2.dt and sin2x = 77 e 2
1 1+7
l(ﬁ) = — -
I :J 8 - di smx—1+t2‘dt and COSX =3
2- 2
3(1”2) (%)
1+7
ro- -
1+7 3-2 . +5 :
= 1+7 1+¢
2(1+%)— 3@0
1+ﬁ 2
1 1+7
- di=| o dt = ; St
+2ﬂ 2(2=3t+1) 3A+H)-2QR2H+5(0 -1
1 2 1+¢
{3 coefficient of tj
1 2 9 - j~3+—3ﬁ 4t+5—-5¢° d
N R
IJ 1 ) 8-4r-2p
B 9 o _ f L
3t+z—z+l 4—0f— 2
S T v
= . e t
IR ! 4- (t2+2t)
+ PR —
A ) f y
I - Ja- (z2+2r+1—1) '
= 2 zdt
( j (2 j B js 02+2t+1) i
(-3 !
1 _E 2 - j\/_z_ 2 dt
- . N (3= (@t +1)
2 (5 log 3)+\/§ ¢
- t_— -
2 517 _ 1 Ogv_+0+D .
2(3) W5+ 1)
1 2t-3-+35
Y e U NN x
1 J§+1+mn5
1 2tanx—3—+/5 = ‘log +c
= q 245 BT
2\/§Og(2tanx—3+\/§j V5—1-tan-
o S



Alternative method :

1

sinx — 3 cos x

< dx

J

Solution : For any two positive numbers a and b,

we can find an angle 0, such that

a b

Ja*—b? Ja*—b?

Using this we express sin x — /3 cos x

sin O = and cos0O=

=+1+ 3 (cos 0-sin x — sin O-cos x)

=2-sin (x — 6)

) o
=2-sin [x - ?j
1
J—=
2-sin (x - ?j

~dx

1

T
= 3-fcosec (x—gj-dx
1 i T
= E‘log cosec| X~ —cot Xx—3 +c
1

2

| X °
—+— |+
og | tan 5% c

1
Activity : 14. fsinx—\/?cosx dx
X 14.
Solution : put tan5=t Sode=
Sinx: ........ and Cosx: --------
G
1+£
1 =f ! dt
-------- +\/§--------
2
1+7
1+
2
........ AR
2
(5]
V3
2 1 4
= — - dt
V3 3 3
2 1 U
- 2 1) 1
3 1 (tz——t+—j+—
V3 3 3
2 1
= - Z.dt
L))
V3
2 1
= — L ; - dt
V3 (L=
2 1
= —=— — |+
3 20) log c
= —'log(—}vLc
X
1 1+\/§tan5
= 3'log — [f¢
3—+/3tan—
2
. /
A\




1
15. J3+2sin2x+50052x.dx

Solution : Divide Numerator and Denominator

bycosx
_— J cos® x .
3+ 2sin’ x + 5 cos? x
cos? x
sec’ x
N f3sec 2x+2tan’x + 5 dx
sec? x
N J3(1+tanx)+2tanx+5 dx
sec? x
N fStanerS d
sec? x
S tamszri “
5
put tanx=¢ .. sec’x-dx=1-dt
JEENES
5
IJ 1
T
V5
= l; tan’! ! +c
5" V8 V8
V3 V5

11 NREL
\/_3'2\/7‘ tan [ﬁj‘FC

1 1 \/5 tan x
tan! | ———— |+
210 @n 242 ¢

1
'.]‘3+2sin2x+5coszx'dx:

1 1 \/5 tan x
_ — - +
2410 @n 242 ¢

cos 0
16. Jcos 36 do
cos 0
f4cos39—3cose db

1
N f4cos29—3 +d9

Divide Numerator and Denominator by cos” 0
1

20
Lo fL.de
4cos’0—-3
cos? 0

sec? 0
= —-do
4—3sec’0

Solution : I

sec’ 0
4 —3 (1 +tan’0)

sec’ 0
= f—.de
1—3tan*0

put tan©=¢ .. sec’0 - dO = 1-dt

[
b= 1—32 “

+c

2\/§-log 1-+3tan 6

fcose 76 1 | 1++3tan 0
d0=7—=log| —=—— |+
cos 30 243 g 1—+3tan 0

1 [1+\/§tan6j
J’_

. @O .



I1.

EXERCISE 3.2 (B)

Evaluate the following :

1 J 1
j4x2—3'dx = 35— oa &

1 1
N [
N VT 42

; j 9+x J ‘ J 2+x 4
. o, W . PR
10 j : d 11 J : d
' X2+ 8x+ 12 * ' 1 +x—x? *
13 f : d 14 f : d
' 5—4x—3x? . ' V3x*+5x+7 .
16 f : d. 17 f : d
C )8 -3xt2e & S NI W ) S
19 .[ : d 20 JSinx d
) cos 2x + 3 sin® x . ’ sin 3x .

Integrate the following functions w. . 7. x :

1 f 1
L f3+25inx.dx = 4—500sx.dx

1 f 1
4. j3+2sinx—cosx.dx > 3—2c052x.dx

1 J 1
/- ,[3+25in 2x + 4 cos 2x.dx 8 cosx—sinx'dx

12.

15.

J 1
7+ 2x?

dx

1
J\/2x2—5 o

J/10+x 4
10 —x .

J4x2—

20x+17

f\/xz-k & —20

1
dx

1
“dx

1

f4+3 d

cos? x

1

f2+cosx—sinx

fZ sin

“dx

1

o3&

1

JCOSX

- \/?Sinx'dx
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3.2.6 Integral of the form [-——— = dx and Jar i e dx

. pxtgq . . . .
The integral of the form f - - dx 1s evaluated by expressing the integral in the form

2+ bx+c

d
A —(ax*+bx+c)
f & 'd+fL-dfrm tants 4 and B
w+ bx+c X o+ bt e x for some constants 4 and 5.

d
The numerator, px+¢g = A4 - = (ax* +bx+c)+B
x

d
1.€. Nr=4-—Dr+B
dx

The first integral is evaluated by putting ax*> + bx+c =t
The Second integral is evaluated by expressing the integrand in the form either

1 1 1
A2+t20rt2_A20rA2_t2

and applying the methods discussed previously.

) px+q . : : .
The integral of the form f NPT - dx 1s evaluated by expressing the integral in the form

d
A — (ax* + bx+¢)
dx

B
Ny swerps dx + f Ny dx for constants 4 and B.

d
The numerator, px+¢g= A4 - = (ax* +bx+c)+B
X

The first integral is evaluated by putting ax* + bx+c =t

The second integral is evaluated by expressing the integrand in the form either

1 1 1
or or
\/A2+t2 \/tz_Az \/Az_tz

and applying the methods which discussed previously.




@) SOLVED EXAMPLES |

) f 2x—3 ,
: 3 +4x+5

d
Solution : 2x—3 = A'd—(3x2+4x+5)+B
X

2x—3 = A(6x+4)+B
— (64) x + (44 + B)

compairing the sides/ the co—efficients of like
variables and constants
64=2 and 44+B=-3

1 13
= AZ? and Bz—?
1 d 344 13
—— B2+ Ax+ 5+ | ——
f3 dx(x x +5) 3
= -dx
3x?+4x+5
f (3x +4x +5) 13 |
=— 5 dx —— | —————dx
3x?+4x+5 3J 3x2+4x+5
J 6x+4 13 1
=— dx—— | ——dx
3x2+4x+5 3J3x2+4x+5
=r-L . (1)

__f 6x+ 4
3x2+4x+5
put 3x*+4x+5=¢

(6x +4)-dx=1-dt

ljld
3

1
Z?-log (1) +c,

1
=?1og(3x2+4x+5)+c1 ..... (if)

13 1
3 e
131 1

33 4 5

2+_ +_
SR

1 2
{(E coefficient of t}

“dx

13 1 .
9 ) 4 44 s o
t—xt+t———+—
YT3Y T 9 973
13 1 .
o9 J) 4 4 x
t—x+t—t+—
YT3Y 9T
13 ]
— R .dx

* 3]+ (5
X+t— | +|——
3 3

f Lo (X
Y1 4 x—Atan Z+c

2
ENR N )

= 9 \/_tan m +c,
3 3

thus, from (1), (i1) and (iii)

f 2x—3
3x?+4x+5 dx

1 1 ( - ) 13 3x+2
+4x + +
og( 3x*+4x+5 311 “tan”! Vit c




2 f/x_sd
. x_7 X

(x—5) - (x—3)

Solution : I = f

x—5

x—35

— QA)x+(— 124+ B)

x=7) - (x=3)

= AQ2x—12)+B

(x—5)
dx = fx2—12x+35'dx

d
= A-E(x2—12x+35)+8

compairing, the co—efficients of like variables and constants

24=1 and —124+B=-5
1
= A:E and B=1
1 d
3—(x —12x+35)+ (1)
I:f “dx
Qx —12x + 35
12x+35) |
\/x — 12x +35 \/x2—12x+35
=L+ ... (1)
2x— 12
:—f .dx
x? —12x+3
put x> —12x+35=1¢
2x—12)-dx=1-dt
:—j—dt
B fzx/t i
=\/t+c1
=\Vx*—12x+35+¢, ..... (i1)

dx

1
Iz=f -dx
Vx?—12x+ 35

1
:f e
V= 12x+36—1

1
= “dx
I (x= 67— (1)

1
f—,m'dx=10g()(+m)+c
I =log (x—6)+V(x—6)—1) +c,

=log((x—6)+\/xz—12x+35)+c2

Thus, from (i), (i1) and (iii)

f x—35 J
x—17 o
=\x>—12x+35+log (x—6)+ Vx>~ 12x+35) +c

(e, te,=0)

:



Activity :

8—x
3. f -dx
N X

_ 2 8 —
Solution : = f/(g X)XE ;-dx ZI\/%‘G'X Zf%‘d
X V8x —x

d
8—x = A'a(Sx—xz)ﬁLB

— (84 + B) — 24x

compairing, the co—efficients of like variables and constants

84+B= ... and —24 =-1
= A=— and B=...
= ey @) 5 !
—_— X — X ! . —
7 P 1 —4-[ “dx
=f dx “dx : ’ &x — x?
8x — x? 5
=4 ! d
(& x) E - >
1 : N
fEN e
8x — x? | 4J' 1 4
! —4. -dx
8—-2 1 E _
:_f X dx+4f—dx E —\/ .......... ( ........ )
8x x? 8x — x? 5 1
R .
=L+L (@) | Vo2
. 1J8—2x .[ 1 p 1
= — - . — - +
1 2 8x—x2 X m X Sin C
put ., =t —
I, =4-sin™ (—j +ec,
(crerrereenn )dx=1-dt ‘
1 1 thus, from (i), (i1) and (ii1)
4 ; 8 —x
1 -dx
- o | ) s
=V8x—x?+4-sin’ (—x }+c
=\/?+ 3 4
=V8x—x> +c, ..... (i1) (




.
{ EXERCISE 3.2 (C) |

I. Evaluate :

. j 3x+4 p 5 j 2x + 1 p ; j 2x+3 4
' x>+6x+5 o ' x*+4x—-5 o ' 2x*+3x—1 *
3x+4 Tx+3 x—7
4, ——————dx 5. ———————dx 6. J “dx
V2x2 +2x + 1 V3 +2x — 2

x—9
e

. j’ 9—xd f 3 cosx p 0 fe“— 2"d
' X o ' 4sin*x+4sinx— 1 . ' v oe+1 .

3.3 Integration by parts :

o¢]

This method is useful when the integrand is expressed as a product of two different types of

functions; one of which can be differentiated and the other can be integrated conveniently.

The following theorem gives the rule of integration by parts.
3.3.1 Theorem : If u and v are two differentiable functions of x then

Jurvdx =u-fv-dx—f(dii-uj (Jv-dx)-dx

dw

Proof : Let fvax=w ...() = V= . ... (1)
X
Consid 0 + d
onsider, T (uw)=u T w+w i u
du
=uv + we—
dx
By definition of integration
.ﬂ du }
uw = ||luv+w— |dx
dx
du
= Ju-v-dx + fw-—dx
dx
du

= [uv-dx + | —w-dx
dx
d
u[vdx = fuvdxe+ f—u~IV'dX'dx
dx
d
Juv-dx =ufvdx- f(d—uj (Ivdx)'dx
X

In short, Juv=ufv- I(u' fv)

. .




d
For example :  [x-erdx = x_[eX-dx—f(%-je"-de-dx
X
= xe*—[(1)-edx
= x-e*— [erdx

= xe'—e'tc

now let us reverse the choise of # and v

d
_fex'x'dx = ex'fxl'dx—f—'ex_fx'dx'dx
dx

x2 2

= e 7 — J‘ex.x?.dx

! 2 J‘zd
—Zexzexx

We arrive at an integral [e*-x?-dx which is more difficult, but it helps to get [e*-x2dx

Thus it is essential to make a proper choise of the first function and the second function. The first

function to be selected will be the one, which comes first in the orderof L I A T E.

B L Logarithmic function. E
I Inverse trigonometric function.
A Algebric function.
T Trigonometric function.
E  Exponential function.

Ll e

For example :  [sin x-x-dx
= [x-sinx-dx ... by LIATE

. d .
= x-[sin x-dx — f—-x-fsm x-dx-dx
dx

=x+(= cos x) — [(1) (= cos x)-dx
=—x-cos x + [cos x-dx

=—xcosx+sinx+c

= &




@ SOLVED EXAMPLES |

1. [x*5%dx

Solution : 1

fx2~5"-dx =
2. Jx-tan'x-dx
Solution: I =

[x-tan™' x-dx =

d
xz'IS"'dx - f—-xz'_fS"'dx-dx
dx

— sz.sx.

1
log 5

x2.5x.

.x2.5x

log 5

.x2.5x

log 5

.x2.5x

log 5

y2.Rx

log 5

y2.Kx

log 5

5x
log 5

{_

[(tan™" x-)x-dx

“dx
log 5

2 d
I xf5%dx — | —x-[5dx-dx
log 5 dx
2 5 f 1 (SX : j d
log 5 * log 5 M log 5 *
2 1 1
p .X.Sx. — .sx.dx
log5 ( log5 log 5
2 1 1 1
D, .x.5x. — .5x. +c
log5 ( log5 log 5 log 5
2
.x.5x. + .5): +c
(log 5)° (log 5)°
2x 2
+ +c
log5 (log5)*
..... by LIATE

d
tan~' x- [x-dx — .[—-tanl x-[x-dx-dx
dx

2

2

X 1 x
tanlx'——f —dx

2 1+)c2 2
1 2 -1 f x d
2)(? tan ' x W X
1 1+x—1
— x2-tan™! x——
2 1+x
1 . 1
Ex-tan X_E 1—- 2 “dx
2. 14 — _ -1 +
2 X tan"'x 5 [x —tan"'x] + ¢
1 , 1 1 1 1
—x*tan'x ——x+—tan'x +
2xtanx 2x 2tanx C

4




-

J

1 —sinx

X

1 —sinx

Solution: [ = f

X

“dx
X (1 + sin x)

I —sinx (1+sinx)

x (1 +sinx) x (1 +sinx) 1 sin x
——dx=| —————dx= | x + “dx
1 —sin’x cos? x cos’x  cos’x

[x-(sec?x + secx-tanx)-dx

Jx-sec?x-dx + [x-secx-tanx-dx
d d

xfsec?x-dx — d—x-fseczxdx-dx + | xfsecx-tanx-dx — d—-x-fsecx~tanx~dx~dx
X X

x-tanx — [(1)-tanx-dx + x-secx — [(1)-secx-dx
x-tanx — log (secx) + x-secx — log (secx + tanx) + ¢

x-(secx + tanx) — log (secx) — log (secx + tanx) + ¢

“dx = x-(secx + tanx) — log [(secx) (secx + tanx)] + ¢

4. [e* sin 3x-dx

Solution :

I=[e* sin 3x-dx

Here we use repeated integration by parts.

To evaluate [e*- sin (bx + ¢)-dx; [e®- cos (bx + ¢)-dx any function can be taken as a first function.

I

. d .
e [sin 3x-dx — fd—‘ez’“fsm 3x-dx-dx
X

1 1
ezx'(— cos 3x~?j — fezx~2 (— cos 3x~?j~dx

1
— —e¥-cos 3x + = [e*cos 3x-dx
3 3
1 2 d
——e¥cos 3x + — | e [cos 3x-dx — | —-e*[cos 3x-dx-dx
3 3 dx
1 2 1 1
- §~e2x-cos 3x+ 3 e**| sin 3x~§ — fe2- | sin 3x-§ “dx
. p2x. + —- 2X. o1 — | p2x.q3 .
3 € cos 3x g € sin 3x 9 [e*-sin 3x-dx
— . p2x. + —- 2X. o1 [
3 € cos 3x g € sin 3x 9 I
e2x er
9[—3cos3x+ZSin3x]+c = 13[25in3x—3cos3x]+c
er er
5 [2sin3x—3cos3x]+c . e sin 3x-dx = ;3 [2sin3x—3cos3x]+c

/,
OG0 .
AN



Activity :

Prove the following results.

eax
() [e= sin (bx+c)dx = g Lasin (bx+ o)+ bcos (bx+o)] +c
(i) [e™: cos (bx + ¢)-dx = e ‘la sin (bx +c¢)—b cos (bx+ )]+ ¢

: } “dx
(log x)*

Solution: 1 = [log(log x)-l-dx+J

5. .][ log (log x) +

d
(logxy

d
= log (logx)-_fl-dx—J—' log (1ogx)j1-dx+j dx
dx (log x)?

= log (log x)-x—J -%-(x)-derJ

d
log x (logx)?

1 1
= log(l : —J “d +J “d
og (log x)x log x x (log 1)’ x

~ log (log x):x — [(log x) " 1-dx + J e
(log x)

= log (log x)-x — {(log x) [ 1-dx + f% (log x) ' [1-dx-dx } + f (log )’ “dx

= log (log x)x — {(log x)'x — [ = 1(log x)Z.%-x-dx } + f (Tog 1) “dx

= log (log x)'x — (log x)™"x — [(log x)?+dx + f (log x)? dx

x 1 1
= x-log(l - —j -d +J. d
xlog (log x) log x (log x)? * (log x)? *

+c

} “dx = x-log (log x) —

1
f{ log (log x) + (log x)’

log x
Note that :

To evaluate the integrals of type [sin' x-dx; [tan"'x-dx ; [sec' x-dx; [logx-dx, take the second function

(v) to be 1 and then apply integration by parts.

INa =2 dx ; [Na®+x* -dx ; [Nx2— a® -dx

. OO .




6. [Va*—x*-dx
Solution : Let I = [vVa?—x?-1-dx

d
Va2 —x? -fl-dx— fd—-\/cﬂ — x? -Il'dx'dx
X

1[a2_x2 X —

1
J —2 == (—2x) (x)-dx
= Va*—x x+j

va —x
- ﬁq ‘("‘“-dx

(@’ x°)

\/a —x? \/a —x’
x~\/a2—x2+a2f -dx — [N a* = x*dx

-dx

1
NP

dx—1

1
I = x-\/az—xz-irazf —a

x
I+1 = x~\/a2—x2+a2-sin‘1(—j+c
a

1 Y 2 2 @ : 1()6)
= —Na —x"+t_ s | —|+c
2 2 a
a’ X
[Na*—x? dx— \/a —x2+Esm (—ijc
a

x 9
c.g. Im-dxzz-\w—x“rz-sin1(%)+c

with reference to the above example solve these :

2
7. JNa&+x>-dx= %-\/x2+a2+%-log (x+ VX2 + a? ) +c

8. [V¥-a? dx——\/x —a ——10g(x+\/x2+a )+c




9. [x-sin'x-dx

Solution : I [sin'xxdx ... by LIATE

: d .
= s1n‘1x~fx-dx—f—-sm‘lx'fx-dx'dx
dx

x? 1 x?
= sin'x—— | ——dx
2 2 2
1 ) 1 1 x? J
= 2x sin ' x 7 — x
1 ) 1 1 1—(1—-x%
= EX'Sln X_E m X
L, { 1 (1—x2)}d
= —xsin'x—— - -dx
2 2 \/l—x2 \/l—x2
1 1 dx

= —y2eqiinly — — J— —
5 Xsiniy == \/TJF f\/lxdx

1 1 I[x 1

= Exz'sin‘x—zsin'x+3{5\/1—x2+asinl(x)}+c
1 1 1

= Exz's1n"x+zx\/1—xz—zsm’1x+c

1 1 1
[x-sin'x-dx = Exz-sin"x + 7 VI —x*— 7 sin'x+ ¢
Activity :

10. [cos™ Va-dx

Solution : put Vx=1
x=2
differentiating w.r.t. x
l-dx =2tdt
= [cos™' t-2¢-dt

refer previous (example no. 9) example and solve it.

‘



11. [\4+3x—2x% -dx
Solution : I =  [V4—2x2+ 3x-dx

f\/4—2(x2—%x)'dx
Jﬁ-Jz—(xZ—%xj-dx

(o] - 5235
)
e
- o [T

X a’
Na x> -dx= —'\/az—x2+5-sin’1 (iJ +c

2

a
3 R
X—— ) 7 | — -
4 41 3 4 . 4
= 2 j(—} —(x—— + sin’!' | ——— |t+¢
2 4 4 2 Va1
4
\/E|:4X—3 2+3 2+41 __1(4)6—3)]}_
= : —Xx—x*+—7 - sin c
g8 N 2 32 V41
4x — 3 41 4x -3
s N4+ 3x— 242 -dx=x—-\/4+3x—2x2+ -sin‘( j+c
8 16 V2 Va1
Note that :
3.3.2:
To evaluate the integral of type [( px+ ¢) Vax> + bx+ ¢ - dx
d
we express the termpx+¢g= 4 - d—(ax2+bx+ c)+B ... for constants 4, B.
X

Then the integral will be evaluated by the useual known methods.

/
. O@O .
AN




3.3.3 Integral of the type fex [fO+f' (X)) dc=e*"f(x)+c

Let e* f(x)=t

Differentiating w. 7. ¢. x

e [ @) +f)] |= %

dt
e[/ +f )=
X
By definition of integration,
Jerlf@+r @] -de=r+c
Je lf@+f ] dr=e™ f(x) +¢

e.g. fex[tanx+sec2x]~dx=ex-tanx+c

dt 2)
—tanx = sec’ x
dx

@ SOLVED EXAMPLES ]

’ j‘ 2 +sin 2x J , fx x+2 J
’ “1+cosax ) ) ¢ (x+3) *
Solution : Solution :
f 2 + 2 sin x'cos x J [x+3-1
L= Je 2-cos® x x boo)e | (x+3) }-dx
B Jx 1 sin x-cos x :fx x+3 N -1 d
- e cosszr cos? x dx ¢ [(x+3)P* (x+3) o
= fex[sec2x+tanx]'dx :fex_ ! + - -dx
x+3  (x+3)
= fe"[tanx+sec2x]~dx ) .
o f(x)=tanx = f'(x)=sec’x f(x):x+3 = f (x):(x+3)2
e LS @] de= et ) +e e @S @) dv=e f@) + e
- x. + 1
I e’ tanx +c¢ _ ex.(x+3j+c
f 2 +sin 2x J
- X . — pX. + X
e 1+ cos 2 x=e' tanx +c _ e .
x+3
f x+2 J e*
X . — +
Na+3 | x+3 7€
o S



Lo (THx+x
3. etan B — .dx
1+x2
Solution : put tan'x=¢
x=tant¢
differentiating w. 7. t. x
dx=1-dt
+ x2
I = Je'[1+tant+tan?¢]-dt

. fetan_ X .

Here

=

fe' [ tan ¢+ (1 +tan?¢)]-dt
e -[tant+sec? t ]-dt
f(t)=tant
f'(t)=sec’t

e f(t)+c

e'“tant+c

etan"x © X + c

1

1+x+x2
1 +x?

).dx: etan_lx ‘x+ec

(x2 + 1).ex

(x>—1+2
| (x+ 1)

a1y 4
Solution :
.I' x*+1
I =e _(x+1)2 -dx

}.dx

oz
=le _(X+1)2+(x+1)2}'dx
jx—x—l 2
=le Ty +(x+1)2}-dx
-1
Here f(x)=xJrl
. _(x+1)(1)—(x—1)(1)_ 2
= f (x) - (x+1)2 _(x+1)2

[[f@)+f ()] dx=e*f(x)+c

(“J
I =e* t+c
x+1

e i)
=e* tc
x+1

I.

Evaluate the following :

1.
4.
7.

10.

16.

19.

[x*log x-dx
[x*tan™" x-dx

[ sec? x-dx

| € - cos 3x-dx

log (log x
f glogn

X

[ sin 0-log (cos 0)-d6

log x
fg -dx
X

2. [x*sin 3x-dx
5. Jx*tan” x-dx
8. [x-sin?x-dx

11, [x-sin™ x-dx

tsin'¢
14. -dt

V1-27

17. [x-cos’x-dx

20. [x-sin 2x-cos 5x-dx

f >+ 1)e”
(x+1)
EXERCISE 3.3

12.

15.

18.

21.

[x-tan™ x-dx
[(log x)? -dx
x*-log x-dx
Jx*log x-d
[x*-cos™ x-dx
fcos Vax-dx
sin (log x)?
[0

Jcos (%/; )-dx

4

g

SO



II. Integrate the following functions w. r. . x :

l.  e*sin3x 2. e*cos2x 3. sin (logx)

4. 5e+3 5. xX*Na*—xb 6. m
7. Na@+4) 8. (x+ DV2r+3 9. xV5—4dx—x*
10.  sec? x-\tan? x+ tan x — 7 1. V2 +2x+5 12. V2 +3x+4

I1I. Integrate the following functions w. r. £. x :

1 +sinx 1 1
I. (24 cotx— cosec® x)-e 2. |/ | € 3. e | ———
1 +cosx x X
. X 5 e 1 210 (1 . X S5x - logx+1
. Gty e’ . ;[x(ogx) (log x)] . e .

8. log(1+x)d+

; - (x-%\/l—xzj
. eSln I —
V1-—x2

9. cosec (logx)[1 —cot (logx)]

3.4 Integration by partial fraction :

X
If f(x) and g (x) are two polynomials then f(( )) , & (x) # 0 is called a rational algebric function.
gx

0 is called a proper rational function provided degree of /' (x) < degree of g (x) ; otherwise it is
g (x

called improper rational function.

X
If degree of f'(x) > degree of g (x) 1.e. f(( )) is an improper rational function then express it as in
g (x

) Remainder Remainder . .
the form Quotient + ——————, g (x) # 0 where ——————— is proper rational function.

g (x) g ()

Lets see the three different types of the proper rational function g (x) # 0 where the

g’
denominator g (x) is expressed as

(1) a non-repeated linear factors

(i1) repeated Linear factors and

(i)  product of Linear factor and non-repeated quadratic factor.

. .




No. Rational form Partial form
@) pxX>tgx+r A . B . C
(x—a)(x—b) (x—c) (x—a) (x—b) (x—o
(ii) pxX2tgx+r A . B . C
(x—a)’ (x—b) (x—a) (x—a (-0
(iii) pxXtgx+r A . Bx+C
(x—a) (x*+ bx+c) (x—a) x*+bx+tc

: px*tgxtr : . : :
Type (i) : - dx 1i.e. denominator is expressed as non-repeated Linear factors.
x—a)(x—b)(x—c¢)

@) SOLVED EXAMPLES |

3x?+4x—5
j(xZ— Da+2) @

3x*+4x—5
G-DarDar) @

Solution : [ = j

. 3x* +4x—5 A B C
Consider, G-DEtD 2 = 1) + G + D)
A+ E+2)+Bx-1)x+2)+Cx—1)(x+1)
- - @+1)(x+2)
3+ 4x—5=ACx+1)(x+2)+B(x—-1)(x+2)+Cx—1)(x+1)

atx=1, 3(AP+4(1) -5 =A4(Q2)(3)+B(0)+C(0)

1
2 =064 = A =?

atx=—1, 3(-12+4(-1)—5 =4 (0)+ B (-2)(1) + C(0)
~6=-28B = B =3

atx=-2,  3(2P+4(2)-5=4(0)+B(0)+C(3)(1)
1

-1=3C = C =——
3

5) -5)
32+ 4y —5 3 3 3

Thos, CDEIDETD) 1) GFD @2

S IomE])

ax
x+1) x+2)

1 1
Z?log(x—1)+310g(x+1)—?10g(x+2)+c

I [G-DE+1y [ 2EEES g [ETDERDY
?“’g{ «+2) }“’ "f(xZ—l)(x+2)d"_?l°g{ (r+2) }H

= gj{’(} &




5 f 2x* =3 y
BRI

Solution :  Consider,

2x*—3
@5

Let 2=m
2m—3 R
- - t tion.
(m—=35)(m+4) proper rational function
2m—3 A B A(m+4)+B(m—5)
Now, _ N _
(m—35)(m+4) (m—5) (m+4) (m—35) (m +4)

2m—3 =A(m+4)+B(m—75)
atm =135, 2(5)—-3 =A4(9)+B(0)
7 =94 = 4 =l
9
atm=—4, 2(4)-3 =4(0)+B(-9)
11

~11=-9B = B =—
9

- BH ., B

Thus,

m=5m+4)  (m-5 (m+d @-HE+4H  pe-5  e+4

- 5 G

- x*=5 xX*+4

7 f 1 i Jr11 1 P
Y R dx
9 Je-sp T 9 Jerp

7 1 x—+57 11 1 x
-——log +—-?-tanf‘ —[tc

:32(\5) x+V5] 9 2
. 7 | x—5 +11' _1(xj+
_18(\/§) Og{x—l—\/?} ﬁ tan 7 c

j 2x2—3 = 7 : x—+5 +11‘ l[x}r
s @ Y T 1500 og{wﬁ} 182

‘



1
f (sin0) (3 +2cos 0) P

. 1 J sin 0
Solution : 1= ] (sin) (3 + 2 cos 0) (1 —cos 0) 3+ 2.cos 6)

J sin 0 "
(1 —cos0) (1 +cosB)(3+2cosH)

put cos 0 =1¢ S —sin0-do=1-dt
sin 0-d0=—1-dt
Consid -1 4 B C
e T YR YC 1)) (-0 (+1) (+20)

A B2 FBA -0 (B 2)+CA—1)(1+1)

(1—1)(1+1)(3 +21)
1 =A(1+)B+2)+B(U-1)3+2)+C(1—t)(1+1)

ati=1, —1 =4Q2)(5)+ B (0)+C(0)
1
12104 = A4 =——
10
ati=—1,  —1=A(0)+BQ)1)+C0)
1
~1=28 = B =——
2
: 1 =4 B C > :
5 4
-1=——C = C=—
4 5

-1 (_ Tloj (_ %j . Gj

I-00+0G+2) (-1 (+0  G+2)

(_ 1] (_1) (4)
j 10 2 5
I = + + -dt
(1-t) (@(Q+t) @+21)

1 1 1 4 1
=——log(1—t —— log(1+t)+?log(3+2t)-—+c

Thus,

10 -1 2 2
1 1 4
=—1log(1—cos®)—— log(1+cosB)+—log(3+2cos0)+c
10 2 10
1 (1 —cos 0) (3+2cos0)* | |
10 8 (1+ cos 0)° ¢ 0g ¢"=mrlog a

= &



1
4. fZ cos x + sin 2x'dx

1 1 1
oruton 2 cosx+sin2x 2cosx+2sinx-cosx 2 (cos x) (1 + sinx) *

B J‘ COS X e — 1 f COS X J
2 cos® x (1 + sin x) YT (1 —sin?x) (1 + sin x) o

put sinx =t o cosxdx=1-dt

_l.j 1 y _1.J 1 .d_l.j 1 y
Dl a-m a0 Tl anarnan Tl anarg @

_ 1 4 B C AU+ P+BA-0)(1+0)+C(1—1)
Consider, (1—t)(1+t)2_(1—t)+(1+t)+(1+t)2_ (1—1)(1+¢)>
l=A(+t2+B(—t)(1+1)+C(1—1)
atr=1, 1 =4 2%+ B (0)+ C (0)
1 =44 - A=%
atz=—1, 1 =4(0)+B(0)+C()
1=2C = C=i
2
atz=0, L=A(1R+B1)(1)+C(1)
1=4+B+C
1 1 1
l=—+B+— = B=—
4 2 4
1 1 1
L eee
thus =00+ 1F  (-0) (40 (A+ep
& & 6
o 4 4 2 oo - 1 I (-1
..I'[‘_(lt)+(1+t)+(1+t)2 = { og( t) + log(1+t) 2(1+t)}
171 1 1 I -1
:?_ZIOg(I_t)(_l)—i_? log(1+¢)+ ——t}+c
17 . . 2 1 1 +sinx 2
Zg_—log(l—smx)Jrlog(l+smx)—1+Sinx}+c :g{log(l—sinxj_ﬁrsinx}rc

j‘ 1 J 1 | 1+sinx 2
. —_— _ +
2 cos x + sin 2x . 8 8 1 —sinx 1 +sinx ¢

. .




J’tan 0+tan® 0
1+tan® 0

) (tan 0) (1 + tan® 0) (tan 0)-(1 + tan? 0) tan 0 - sec’ 0
Solution : I:J 1 +tan® 0 0 :j 1 +tan’ 0 ' :J 1 +tan*0
put tan 0 =x o.osec?0-do=1-dx
X X
:f1+x dx_f(ux)(l—x+x2)'”bC
] X A Bx+C
Consider, 1+x)(1—x+x?) - 1+x+(1—x+x2)

A4 —x+x?)+Bx+C(1+x)
- (1+x)(1—x+x2)

x =AQ—x+x)+Bx+C)(1 +x)=A4A—Ax+ Ax*+ Bx + Bx>+ C + Cx
0x>+1'x+0=A+B)x*+(-4A+B+C)x+A+C)

compairing the co-efficients of like powers of variables.

0=A+B ()]
l=—A+B+C ...dD and
0=4+C ... (1)
) ) 1 1
Solving these equations, we get 4 = ~3 ;B :? and :?

.5 Gy

(I+x)(I=x+x)  [+y (1 x+x?)

) s

- — x4 —

3 3 3 1 1 1 x+1

s = + dx =—— dx+— | ————— dx
1+x (1-x+x?) 3 I +x 3 l —x+x

Thus,

1 1 1 1 2x—1+3 d
_ — . .dx_|__. 5 .dx _xz_x+1:2x_1
1 +x 3 2)) x¥*—x+1 dx
1 1 11 2x—1+3
=—— dx+—— | 5 dx
1+x 32 x*—x+1
1 1 2x—1 1 3
= — . dx_|__ “dx + —- —.dx
3 1+x x—x+1 6 x2—x+1
= L[ +L+1 ... (1V)

= &



1 1 1
L =——'J “dx Z—?[log(ler)]

=—%log(l+tan9) ... (V)

1] 2x—1 1 )
L Y xz—-dx —6[log(x —x+1)]

—x+1
1
Zglog(tanze—taneﬂ) ...(VD
L
N e
lf 1 p 1 et of o1 12 1Y 1
=5 2 +1 1+1 X . 5 coe cient of x —2()— >~
Xoxt oy
_lf 1 4
G
X—— | t|—
2 2
| 1
1 X——
= n’! 2 |+¢
2|25 3
5
1 1 2x—1
=—tan" +
\Btan 3 c
. 1 1 2tan 6 — 1 VII
=—tan' | — = |+
3 \/?tan 73 c (VL)
ftan9+tan39de 11 (1 6) 11 ( 20 o 1) 1 thanO—l
—————d=—— + +— - +1)+—=tan!| ——=— |+
L+ tan’ 0 3 og tan 6 og( tan tan 73 tan 73 c
EXERCISE 3.4
I. Integrate the following w. . £. x :
x2+2 5 x2 3 12x+3
=D x+2)(x+3) D) -2)(x*+3) © 62+ 13x— 63

. .



For example :

. 2x
' 4—3x—x2
. 12x2—2x—9
’ 4x*=1)(x+3)
x*+3
10.
@=1)(x*-2)
3x—2
13.
(x+ 1) (x+3)
16 :
X1
19 :
" 2sinx+sin2x
5-e"
22.

(€ +1) (e +9)

3.5 Something Interesting :

11.

14.

17.

20.

23.

xX>+x—1

xX>+x—6
1

x(x*+1)

2x
2+x)(B+x?

5x*+20x+ 6
xX+2x*+x

(3sinx—2)-cosx

5—4sinx—cos’x
1

sin 2x + cos x

2logx+3

x (3 logx+2)[(logx)*+ 1]

Students/ now familier with the integration by parts.

d
The result is [uv-dx=ufv-dx— f(d—uj (fv-dx)-dx ,
X

u and v are differentiable functions of x and u-v follows LI A T E order.

This result can be extended to the generalisation as -

Juvdx = wv —uv,tru"v,—u"v, ..

(") dash indicates the derivative.

(,) subscript indicates the integration.

This result is more useful where the first function (u) is a polynomial, because

[x?-cos 3x-dx

o

©

12.

15.

18.

21.

6x>+ 5x*—17
3x?—2x—1
2x2—1
x*+9x2+ 20
2x
43274
1
x (14 4x3 + 3x%)

1

sin x + sin 2x

1

sinx - (3+2cosx)

n

= ( for some n.

xﬂ

- 2.('3.1j_2 (_ 3.1.1j+2(_'3.1.1j_0
=X s1nx? (2x) cosx?? (2) smx?E (0)

=—x*sin3x +—x-cos 3x ——sin3x + ¢
3 9 27

verify this example with usual rule of integration by parts.




/_W Let us Remember

(I1) ff(ax+b)-dx=g(ax+b)'l+c
a

LS

A (1) JLrer -/ @rde="""=—+c (2)
3) gf(()) “dx = 2\/f(x)+c

av) (1) fxn-abc:nn:l +e (2)
3) fconstant (k) ~dx=kx+c 4)
(5) fex- dx=e*+c (6)
(7) fsinx- dx=—cosx+c (8)
) ftanx ~dx =log (sec x) + ¢ (10)

ll)fsecx ~dx= log(secx+tanx)+c (12)

X w
= log tan(—+—) +c
2 4

(13) [sec’ x - dx=tanx +c (14)

(lS)fsecx-tanx-dx:secx+c (16)
= +

(17)f\/1 dx= sin'x+c¢ (18)

dx= tan'x+ ¢ (20)

(21)f dx= sec'x+c (22)

&% We can always add arbitarary constant c to the integration obtained :

d
WG e B =) = Jr@ - dr=g@+ec

f(x) is integrand, g (x) is integral of f'(x) with respect to x, c is arbitarary constant.

"(x)
fj;(x) -dx =log (f(x)) +c

IW dx = 2\/x+c

fcosx- dx=sinx+c
fcotx~ dx =log (sinx) + ¢

fcosec x-dx = log (cosec x —cotx) + ¢

- tog|tan 5 ]| +c

fcoseczx- dx=—cotx+c

fcosecx- cotx-dx=—cosecx+c

-1
f\/sz-dxz cos'x+c¢

-1
.f1+x2 “dx= cot''x+c

-1
f——'dx= cosec’'x +c
x-VUx2—1

‘




N

. j 1 F 1 (> 1 xX—a
“dx=—tan!| — [+ -
(23) i atan p R ] e R

f 1 _1 a+tx f B X
(25) az_x2-dx—zlog(a_xj+c (26) Jo—x dx = sin” ( j+c

dx =log | x+ \/xZ—a2| +c (28) f ~dx=10g| x+\/x2+a2|+c

1 1

(27)
[ B .
(29) O et x—asec (ajJrc

x a* x
(30) f\/az—xz' dx=5\ja2—x2+zsinl(zj+c
x a
(31) f\/a2+x2- deE\/a“rx“rElog (x+V+a) +c

(32) f\/x—a dx— Vx? —a——log(x+\/x—a)+c

d
(V)  Ifuand v are differentiable functions of x then [u-v-dx=u-fv-dx— f (d—uj (fv-dx)-dx
x
where u-v follows the LI AT E order.

VD [er[f()+f' )] dx=e 'f(X) te

X
or the integration of type | —— - dx, g (x where roper rational function.
VII) For th g ftyp d. # 0 wh f(())pp ional functi
g (x
(1) non-repeated linear factors (i1) repeated Linear factors and
(i11) product of Linear factor and non-repeated quadratic factor.
1
1 — 1 f . “dx
(VIID) fxz el dx m'dx a sin xx+ bcosx+c
Method of completing put tan (—j =t
1 d square 2
P B f px+gq
_— = 5 dx
1 ax*+bx + ¢
1 f : dx d
az_xz'dx asin’x+bcos’x+c px+q:A—(ax2+bx+c)+B
—Divide Nr and Dr by cos*x dx
(VIII) f " dx j;'d
vax*+bx+c *
foae
_ pxtq
f\/a —x2 " \/ax2+bx+c
/

= &



e \
| MISCELLANEOUS EXERCISE 3 |

(I) Choose the correct option from the given alternatives :

(1

2)

3)

4

)

(6)

(7

(8)

1+x+md B
rwm o

3
(x+l)2 +c

(A) — \/x_+ T+c (B) —

f 1
x+x°

(A) logx—f(x)+c

f log (3x) .
x log (9x) *

(A) log (3x) — log (9x) +c

(C) log9 — (log x)-log (log 3x) + ¢

j’ sin” x J
dy =
cos"t2x

tan' m+1

4

X
~dx=f(x)+c,thenf
X+

“dx =

(A)

m+1
[ tan (sin"'x)-dx =

(A) (l—xz)_%ﬂ‘ (B) (l—xz)%ﬂf

X — sinx
f dx =
1 —cosx
X
(A) x cot (Ej +c

sin”™!

Iff(x)= NI

g =e"

(A) & (sinx— 1)+ e

(C) & (sin'x+ 1) +c

(B) f(x)+logx+c

+c (B) (m+2)tan""'x + ¢

(B) —xcot (g] +c¢  (C) cot (gj +c

" then [ £ (x)- g (x)-dx =

3

(C) Vx+1+c (D) 2x+1)2+c
1
© f@-logx+e (D) xf()+e

(B) log (x) — (log 3)-log (log 9x) + ¢

(D) log (x) + (log 3)-log (log 9x) + ¢

m

© +c¢  (D)y(m+1)tan" " 'x+¢
tan™ x
©) ﬁ+ (D) —V1—-x*+c¢

(D) xtan (%j +c

(B) ¢ (1 —sin'x) + ¢

(D) & (sinx— 1)+ e

1 1
If [tan’ x-sec’xdx = (ZJ sec”x — (;) sec"x + ¢ , then (m, n) =

(A) 5,3) (B) 3,5)

(D) (4,4)

11
© (? ?)




)

(10)

(1D

(12)

(14)

(15)

(16)

1
——————dx=
COS X — COS” X

X
(A) log (cosec x — cot x) + tan [3) +c

X
(C) log (sec x + tan x) — cot (5) +c
f v cot x

sin x *COS X

(A) 2+cotx+c

X eX

(A) 7+c (B) 2 +

[ sin (logx)-dx =

(A) % [sin (log x) — cos (log x)] + ¢
(©) % [cos (log x) — sin (log x)] + ¢
[ x* (1 +log x)-dx =

1
(A) 5(1 +logx)?*+c¢ (B) x¥+c
3 _u
[cos 7 x-sin 7 x-dx=
4
(A) log(sin 7 x)+c

4

(C) —Ztanf7x+c

cos? x —sin® x
ot B
COS” x +sm” x

(A) sin2x+c¢

dx
112 2 .dx:
cos x Vsin® x — cos® x

(A) log (tanx —tan’x —1 ) +c

(C) 1+sin!(cotx)+c

(B) -2 +cotx+c

(B) cos2x+c

(B) sin2x—cosx +c¢

(D) cos2x—sinx +c¢

(©) %\/coterc (D) Veotx+c

1
©) (x - ;) e*tc (D) xe™+c¢

(B) ; [sin (log x) + cos (log x)] + ¢
(D) % [cos (log x) — sin (log x)] + ¢

(C) x*logx+c (D) x*+c¢

4
(B) 7tan7x+c

3
(D) log (cos7 x)+c

(C) tan2x + ¢ (D) 2sin2x+c¢

(B) sin!(tanx) + ¢

(D) log (tan x +Vtan?x—1 ) + ¢




log x B
(17) f(logex)z.dx_
A) T

+
1+logx ¢

(B) x(1+logx)+c (C)

(18) | [sin (log x) + cos (log x)]-dx =

(A) xcos (logx)+ ¢

(19) j'cos2x—1 _

cos2x +1
(A) tanx—x+c

er + e*Zx
(20) —xdx =
e

(B) sin (logx) + ¢

(B) x+tanx+c¢

1

—
1+ logx

(C) cos (logx) + ¢

(C) x—tanx+c

1

D -
D) 1 —logx

+c

(D) xsin(logx)+c

(D) —x—cotx+c

X — + X _|,_ _|,_ X —
(A) e 30 € (B) e 3o € ©) e 307 (D) e 30
(II) Integrate the following with respect to the respective variable :
X’ 3
— )2 + 2
() (=2 x @ T3 (3) (6x+5)
@ t3 ) 3—2sinx ©) sin® 0 + cos® O
(t+ 1)? cos? x sin? 0 - cos? 0
cos 7x — cos 8x 1 +sinx
(7) cos 3x - cos 2x - cos x (8) (9) cot™!
1 +2cos5x Cos x
(IIT) Integrate the following :
(1 +1logx)} 1
(1) ——— (2) cot™' (1 —x+x? 3) ———
X x - sin? (log x)
3 3 X x>
(4) xsec(x2)- tan (x2) (5) log (1 + cosx)—x-tan (Ej (6) —
- X
(7) : (8) log (log x) + (log x)™2 ) :
og (lo 0
(1 — cos 4x) (3 — cot 2x) glogx 8t 2 cosx + 3 sinx
10) — ! (1) >+ 1 12) Tog (2 + 1)
0 =T ey ) (12) log (»
x2
(13) e sinx - cosx (14) 15 ———
x—1D)Bx—-1)Bx—2) sin x + sin 2x
16 2x-NT+2t — tan? 17) ——— 18) —————
(16) sec’x- anx—tanx - ( )x3+3x2—x—3 ( )x‘(x5+1)
Vtan x
(19) ——m (20) sec* x -cosec? x
sin x * cos x
DI
o o

+c



