Real Numbers

® Properties of rational numbers
e Comparison of quadratic surds

Let’s study.

® Properties of irrational numbers ® Surds
e Operations on quadratic surds

e Rationalization of quadratic surds.

In previous classes we have learnt about Natural numbers, Integers and Real numbers.

Let’s recall.

N = Setof Natural numbers ={1, 2, 3,4, ...}
W = Setof Whole numbers={0, 1, 2, 3,4,...}

| = SetoflIntegers ={...,-3,-2,-1,0,1,2,3,..}
Q = Setof Rational numbers = {f |p,q el qg#0}

R = Setof Real numbers.
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Order relation on rational numbers :

pP
q

-—-and % are rational numbers where g >0, s>0

() Ifpxs=qgxr then gz L (i) Ifpxs>gxr then §> £
(i) fpxs<qxr then Z< L
q S
Let’s learn.
(Properties of rational numbers)
If a, b, ¢ are rational numbers then
Property Addition Multiplication
1. Commutative a+b=b+a axb=bxa

2. Associative

(a+b)+c=a+(b+0)

ax(bxc)=(axh)yxc

3. ldentity

a+0=0+a=a

axl=1lxa=a

4. Inverse

a+((-a)=0

1
ax— =1 azxo0
. ( )




Let’s recall.

Decimal form of any rational number is either terminating or non-terminating recurring type.

Terminating type Non terminating recurring type
1w 2 =04 @) 7 =0472202.. = 0472
5 36
7 .
(2) ~ 64 =—0.109375 (2 ;—Z =1.2692307692307... = 1.2692307
(3) % =12.625 (3) % =1.513513513... = 1.513
Let’s learn.

: : . P
@'o express the recurring decimal in ; form)

. . . P
Ex. (1) Express the recurring decimal 0.777.... in ; form.

Solution : Let x=0.777...= 0.7

S 10x= 7.777..=7.7

. 10x—x= 7.7-0.7

LIX=7

- 7
B
-7
. 0.777.. =5
Ex. (2) Express the recurring decimal 7.529529529... in 5 form.

Solution : Let X = 7.529529... =7.529

1000 X = 7529.529529... =7529.529 . Use your
L L brain power!
1000 X — X =7529.529 — 7.529 How to convert
999 X = 7522.0 Lox =22 2.43 in £ form 7
999 q
7522
529 = —999



Remember this !

(1) Note the number of recurring digits after decimal point in the given rational number.
Accordingly multiply it by 10, 100, 1000.
e.g. In 2.3, digit 3 is the only recurring digit after decimal point, hence to convert 2.3
in 5 form multiply 2.3 by 10.
In 1.24 digits 2 and 4 both are recurring therefore multiply 1.24 by 100.
In 1.513 digits 5, 1 and 3 are recurring so multiply 1.513 by1000.

(2) Notice the prime factors of the denominator of a rational number. If the prime factors
are 2 or 5 only then its decimal expansion is terminating. If the prime factors are other
than 2 or 5 also then its decimal expansion is non terminating and recurring.

Practice set 2.1

1. Classify the decimal form of the given rational numbers into terminating and
non-terminating recurring type.

13 2 ... 29 . 17 11

i) 22 i) = i) == iv) 20 V) —

() = (i) 5 (i) = (v) L V) %
2. Write the following rational numbers in decimal form.

. 127 ..\ 25 ..y 23 .4 17

) — i) == i) =2 iv) — %

M 355 ()99 ()7 (iv) (V) g
3. Write the following rational numbers ins form.

(i) 0.6 (i) 0.37  (iii) 3.17 (iv) 15.89 (v)2.514

Let’s recall.

The numbers /2 and /3 shown on a number line are not rational numbers means they are
irrational numbers.

"Bz 0 1)

On a number line OA = 1 unit. Point B which is left to the point O is at a distance of 1 unit.

Co-ordinate of point B is —1. Co-ordinate of point P is +/2 and its opposite number — /2 is shown
by point C. The co-ordinate of point C is — /2 . Similarly, opposite of V3 is — /3 which is the

20

co-ordinate of point D.




Let’s learn.

( Irrational and real numbers)

J2 is irrational number. This can be proved using indirect proof.

Let us assume that /2 is rational. So v/2 can be expressed in g form.

p . .
~ is the reduced form of rational number hence p and g have no common factor other

q
than 1.
P P’ : :
J2 = P 2= 7 (Squaring both the sides)
2q2 — pz
p? is even.

p is also even means 2 is a factor of p. ....(I)

p=2t SLopP= AR tel
20°=4t (" p*=209) .. QF=2t2 . g*iseven. .. (iseven.
2 is a factor of Q. (1))

From the statement (1) and (I1), 2 is a common factor of p and q both.
This is contradictory because in § ; we have assumed that p and g have no common
factor except 1.
Our assumption that /2 is rational is wrong.
J2 is irrational number.
Similarly, one can prove that v/3, /5 are irrational numbers.

Numbers /2, \/§, J5 can be shown on a number line.

The numbers which are represented by points on a number line are real numbers.
Inanutshell, Every point on a number line is associated with a unique a '‘Real number"
and every real number is associated with a unique point on the number line.

We know that every rational number is a real number. But /2, V3, -2, m,
3 ++/2 etc. are not rational numbers. It means that Every real number may not be a rational

number.



(Decimal form of irrational numbers)

Find the square root of 2 and 3 using devision method.

Square root of 2 Square root of 3
1.41421... 1.732....
1 \2.00 00 00 00.... 1\3.(70@0_00_0....
+1 -1 +1\-1
24 \100 27\ 200
+4 \—96 +7 \-189
281 \ 400 343\ 1100
+1 \-281 +3 \-1029
2824 \ 11900 3462 \007100
+ 4 \-11296 + 2\ -6924
28282 | 60400 3464 \ 0176
+ 2 \—56564
28284 1 \ 0383600
2 =1.41421... 3 =1.732...

Note that in the above division, numbers after decimal point are unending, means it is
non-terminating. Even no group of numbers or a single number is repeating in its quotient. So
decimal expansion of such numbers is non terminating, non-recurring.

J2 /3 are irrational numbers hence 1.4142... and 1.732... are irrational numbers too.
Moreover, a number whose decimal expansion is non-terminating, non-recurring is

/Activity I A
Draw three or four circles of different radii on a card board. Cut these circles. Take a thread
and measure the length of circumference and diameter of each of the circles. Note down the
readings in the given table.

irrational.

C
Ratio = < From table the ratio 7 is
d - -
nearly 3.1 which is con-

stant. This ratio is denoted

by 7 (pi).

No. | radius | diameter | circumference
(r) (d) (©)
1 7cm
2 8cm
3 | 55cm

(23]




(Activity 11 )

To find the approximate value of T, take the wire of length 11 cm, 22 cm and 33 cm each.
Make a circle from the wire. Measure the diameter and complete the following table.
Circle | Circumference | Diameter Ratio of
No. () (d) (c) to (d) Verify ratio of circumference
1 11cm to the diameter of a circle is
2 22 cm 22
approximately — .
3 33cm PP 7
= J

Ratio of the circumference of a circle to its diameter is constant number which is
irrational. This constant number is represented by the symbol 7t. So the approximate value

of mis 27—2 or 3.14.

The great Indian mathematician Aryabhat in 499 ce has calculated the value of 7t as

62832
—— = 3.1416.
20000 3 0

We know that, /3 isan irrational number because its decimal expansion is non-terminating,

non-recurring. Now let us see whether 2 +./3 is irrational or not ?

Let us assume that, 2 +./3 is not an irrational number.

. . p pP
If 2 +./3 isrational thenlet2 +./3 = g .. Weget 3= g - 2.
In this equation left side is an irrational number and right side rational number, which is
contradictory, so 2 +./3 is not a rational but it is an irrational number.

Similarly it can be proved that 2+/3 is irrational. The sum of two irrational numbers can

be rational or irrational. Let us verify it for different numbers.
ie,2+ 3 +(-3)=2, 45 + .6 =4, B++5)-(5)=3,
23X 3=6 V2 x 5 =40, 255 =5

Remember this !

Properties of irrational numbers
(1) Addition or subtraction of a rational number with irrational number is an irrational number.

(2) Multiplication or division of non zero rational number with irrational number is also an
irrational number.
(3) Addition, subtraction, multiplication and division of two irrational numbers can be either

a rational or irrational number.



Let’s learn.

(Properties of order relation on Real numbers)

1. Ifaand b are two real numbers then only one of the relations holds good.
ie.a=bora<bora>bhb
2. Ifa<bandb<cthena<c 3.Ifa<b thena+c<b+c
4. Ifa<band c>0thenac<bc and Ifc<0thenac >bc
Verify the above properties using rational and irrational numbers.

(Square root of a Negative number)

We know that, if /a=bthenb?=a.

Hence if /5 =X then x2=5.

Similarly we know that square of any real number is always non-negative. It means that
square of any real number is never negative. But (/-5 )2 =-5 .. /-5 is not a real number.

Hence square root of a negative real number is not a real number.

Practice set 2.2

(1) Show that 4 /2 is an irrational number.

(2) Prove that 3 + +/5 is an irrational number.
(3) Represent the numbers /5 and 410 on a number line.
(4) Write any three rational numbers between the two numbers given below.

(i) 0.3 and -0.5 (ii) —2.3 and —2.33
(ifi) 5.2 and 5.3 (iv) -4.5and 4.6
Let’s learn.

(Root of positive rational number)
We know that, if X2 = 2 then X = V2 or x=- \/E, where. /2 and —J2 are irrational

numbers. This we know, %/7 , %/8, these numbers are irrational numbers too.
If nis a positive integer and X" = a, then X is the n root of a . X= /2 . This root may be

rational or irrational.
For example, 25 =32 .". 2 is the 5" root of 32, but if X5 =2 then x= 32 , which is an

irrational number.



We know that 5 is a rational number but /5 is not rational. Square root or cube root of
any real number is either rational or irrational number. Similarly n root of any number is
either rational or irrational.

If n is an integer greater than 1 and if a is a positive real number and n* root of a
is X then it is writtenas x"=aor Ja =X

If ais a positive rational number and n" root of a is x and if x is an irrational number
then x is called a surd. (Surd is an irrational root.)

Inasurd %/a the symbol «/ is called radical sign, n is the Order of the surd and a is
called radicand.

(1) Leta=7,n=3,then 37 isasurd because 3/7 is an irrational number.
(2) Leta=27,n=3then 327 isnota surd because 327 = 3 is not an irrational number. .
(3) 3/8 isasurdor not ?

Let 33=p p®=8. Cube of which number is 8 ?

We know 2 is cube-root of 8 or cube of 2 is 8.
.. 38 is not a surd.
(4) Whether s is surd or not ?
Here a =8, Order of surd n = 4; but 4" root of 8 is not a rational number.

43 is an irrational number. .. #3gis a surd.

This year we are going to study surds of order 2 only, means /3, /7, J42 etc.
The surds of order 2 is called Quadratic surd.

<Simp|est form of a surtD
(1) a8 = J16x3= 16 X V3 =443 (ii) V98 = a9x2 = Va9 X /2 =742

J2, 43, J5 , .... these type of surds are in the simplest form which cannot be simplified

further.

<Similar or like surds>

4 .
J2 342, 3 J2 are some like surds.

If p and q are rational numbers then p./a, q+/a are called like surds. Two surds are said

to be like surds if their order is equal and radicands are equal.



J45 and /80 are the surds of order 2, so their order is equal but radicands are not same,
Are these like surds? Let us simplify it as follows :
V45 = J9x5= 9 x 5 =35 and /80 = V16x5 = /16 x 5 =445
. 3.5 and 4./5 are now similar or like surds
means /45 and /80 are similar surds.

Remember this !

In the simplest form of the surds if order of the surds and redicand are equal then
the surds are similar or like surds.

Let’s learn.

(Comparison of surds)

Leta and b are two positive real numbers and

Ifa<b then a xa < b xa

If a2<ab ..(I) Similarly ab<Db? ..(Il)

a2<b? ..[from (I) and (11)]

Butifa>bthen a®>b*andif a =b then a?=Db?

hence if a <b then a’< b?

Here a and b both are real numbers so they may be rational numbers or surds. By using
above properties, let us compare the surds.

(i) 62,55 (ii) 8+/3, V192 (i) 72, 53
J36 x 2 [2]V25 x B NI ENT \/Ex\/E\/Ex\@
N NS N N Jos L2175
But 72[<1]125 But 192 [=]192 But 98 75
~6v2 [ sy Jioz =1 yis2 NG 543
g3 [=] V192
Or Or
(622 [_](5+5) (722 [ 153
72 < 125 98 > 75
5642 55 RN D) 53




<Operations on like su rds>

Mathematical operations like addition, subtraction, multiplication and division can be done

on like surds.
Ex (1) Simplify : 73 +29/3 Use your
. brain power !
Solution : 74/3 +29./3 = (7 + 29) v/3 =363
V3 NCESTIRE NN TS
Ex (2) Simplify : 743 — 2943 J100736 2 100 ++36
Solution : 7.3 —29+/3 = (7 - 29) 3 =223
1
Ex (3) Simplify : 138 + 5 v8 ~5V8
1
Solution :13V8 + 5 ¥8 ~5v8 =(13+ % _5) J5 = (26+1-10) /5
2
=T =L 53
2 2
17
=5 22 =172

Ex (4) Simplify : 8+/5 +v 20 — /125
Solution : 85 +/20 — /125 =8J5+ /4x5 —25%5

= 8J5+2/5-55

= (8+2-5) /5

= 5\/§
Ex. (5) Multiply the surds v7 x Va2
Solution : V7 x 42 = J7x42 = J7x7x6=76 (776 is an irrational number.)

Ex. (6) Divide the surds : 125 =+ J5

o 125 (125 o
Solution: ~ 5~ =5 = J25 =5 (5 is a rational number.)

EX. (7) V50 X+/18 = v25x2x/9x2 =52 x 342 =15 x 2=30

Note that product and quotient of two surds may be rational numbers which can be observed

in the above Ex. 6 and EX. 7.



(Rationalization of surd)

If the product of two surds is a rational number, each surd is called a rationalizing factor

of the other surd.
Ex. (1) If surd +/2 is multiplied by 2 we get 2x2 = 4. /4 =2 is a rational number.
soV2 s rationalizing factor of V2
Ex. (2) Multiply /2 x /8
J2 x /8 = 16 =4 is a rational number.
.. /2 is the rationalizing factor of /g .
Similarly 8/2 is also a rationalizing factor of /2 .
because V2 x 842 = 8 V2 x V2 =8x 2=16.
J6, J16 /50 are the rationalizing factors of /2 .

Remember this !

Rationalizing factor of a given surd is not unique. If a surd is a rationalizing factor of a
given surd then a surd obtained by multiplying it with any non zero rational number is also
a rationalizing factor of the given surd.

Ex. (3) Find the rationalizing factor of /27 .

Solution: V27 = V9%x3 =33 ..3/3 x /3 =3 x 3=09isarational number.
. /3 is the rationalizing factor of /27 .
Note that, v/27 =33 means33 x 3,3 =9x3=27.

Hence 3 /3 is also a rationalizing factor of +/27 . In the same way 4 /3, 73, ... are
also the rationalizing factors of /27 . Out of all these /3 is the simplest rationalizing factor.

Ex. (4) Rationalize the denominator of 1

J5
1 1
Solution : NG = 5 X % = % ....(multiply numerator and denominator by \/5.)

3
Ex. Rationalize the denominator of —= .
5) 0 e the deno 0 NG

. 3
Solution : N NG ><—\/7 = 557~ 12
..(multiply 2./7 by /7 is sufficient to rationalize.)




Remember this !

We can make use of rationalizing factor to rationalize the denominator.
It is easy to use the numbers with rational denominator, that is why we rationalize it.

Practice set 2.3

(1) State the order of the surds given below.
()7 Gi)5Viz (i) Y10 (v) V39 (v) VI8
(2) State which of the following are surds. Justify.
G 1 Giy Yo Gii) B (v) V256 (v) P64 (vi) \/?
(3) Classify the given pair of surds into like surds and unlike surds.
(i) V52,5413 (i) V68,53 (iii) 418, 742
(iv) 1912, 63 (V) 5422, 7433 (vi)5+5, V75
(4) Simplify the following surds.
() N27 (i) V50 (iii) V250 (iv)V112  (v) V168

(5) Compare the following pair of surds.

(i) 742,5+3 (i) V247, 274 (i) 247, V28

(iv)5v5,72 (v)4v42,942  (vi)5+/3,9 (vii) 7,245
(6) Simplify.

(1)5v3 +843 (ii) 95 — 445 + V125

(iii) 7428 — 27 -3 (iv) \/’—gﬁ +247
(7) Multiply and write the answer in the simplest form.
(i) 312 x V18 (i) 312 X 715
(iii) 3+/8 x 5 (iv) 58 x 2/8
(8) Divide, and write the answer in simplest form.
() os = 2 (i) 125 + 50 (i) V54 = V27 (iv) 310 + 5

(9) Rationalize the denominator.

O o ()2 W35 O
J5 14 J7 93 A3



Let’s recall.

We know that,
If 2 >0,b>0then Vab = Jaxb

(a+b)(a—b)=d* —b*: (Va) =a. Ja?=a
Multiply.
Ex. (1) J2(+/8 +4/18) Ex. (2)([ V2)(2\3-342)
2x8 +/2x18 = V3(23-32)-2(23-342)
=\/R+\/% = \/§x2\/§—\/§x3\/§—\/§x2\/§+ 2><3\/§
= 2x3-3J6-2J6+3x2
= 40 = 6-5J6+6
= 10 = 12-5V6
Let’s learn.

(Binomial guadratic surd )

J5 + 3; 3+ /5 are the binomial quadratic surds form. 5 — v3; 3 - /5 are also
4 4

binomial quadratic surds.

Study the following examples.
e (Ja++b)(Va-1b)=(Ja)-(vb)=2a-b
© (V5 +B)(\5 - V3)=(VB)- (\3)=5-3=2
© (VBHT)(VEB-T) = (JBY-(VT)=3-7=-4

* GHEIG-B)=(Gr-(B)r=s 5= =

The product of these two binomial surds (/5 + J3)and (V5 - J3 ) is a rational number,
hence these are the conjugate pairs of each other.

Each binomial surds in the conjugate pair is the rationalizing factor for other.

Note that for /5 + /3, the conjugate pair of binomial surd is \/5— /3 or V3—+/5 .
Similarly for 7 + /3, the conjugate pair is 7 —+/3 or 3 —7.

€



Remember this !

The product of conjugate pair of binomial surds is always a rational number.

Let’s learn.

(Rationalization of the denominato@

The product of conjugate binomial surds is always a rational number - by using this

property, the rationalization of the denominator in the form of binomial surd can be done.

Ex. (1) Rationalize the denominator ﬁ :
Solution : The conjugate pair of /5 —3is V5 +3 .
S SRR B i R o I R
B3 5B T 5B (5B 53 2
8

Ex. (2) Rationalize the denominator 302405

Solution : The conjugate pair of 3./2+./5 IS W2 — 5

8 __ 8 325
3245 325 3W2-05
8(3v2 - V5)

(32) - ()
_ 8x3v2 -85 _ 2442 -85 _ 2442 -85

9%2 -5 18-5 13

Practice set 2.4

(1) Multiply.
(i) V3(J7 - 3) (i) (V5 —V7)2 (i) 32— V3)(4V3-12)
(2) Rationalize the denominator.
i) —=—= () —ror (i) () O
NENP) 245342 7+443 J5+3

€



Let’s learn.

( Absolute Value)

If X is a real number then absolute value of X is its distance from zero on the number line
which is written as | X[, and |X| is read as Absolute Value of x or modulus of x.

If X >0 then |X| =X If X is positive then absolute value of x is x.

If x =0then |X] =0 If x is zero then absolute value of x is zero.

If x <Othen |X| =—x If x is negative then its absolute value is opposite of x.

Ex. (1) [3] =3, =3[ =—(-3) =3, 0] =0
The absolute value of any real number is never negative.
Ex. (2) Find the value.
(i) [9-51=[4] =4 (i) [8-13|=|-5|=5
(iii) I8[—[-3|=5 (iv) 18/x[4|=8x4=32
Ex. (3) Solve X -5|=2.
Solution : [X-5[=2 SoX=5=+42 or Xx-5=-2
JoX=2+5 or X=-2+5

X=7 or X=3

Practice set 2.5

(1) Find the value.
i) [15- 2] (ii) |4 -9]| (iii) |71x[—4]
(2) Solve.
8—X X
(i) 13x-51=1 (i) 17-2x|=5  Gii) | 5~ [=5 ) |5+ |=5
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Activity (I) : There are some real numbers

written on a card sheet. Use these numbers A

and construct two examples each of

addition, subtraction, multiplication and c @@
division. Solve these examples. @

Activity (II) : Start
J3
l X2
X /8
W | 24
l +10/6
7 —
+43 x~/2
+3
X3\/§ \/g % \4
465 | ¢—— ¢«—— 31
\/+5
End
-

J

OO0 Problem Setz OOOOOOOOOOOOOOOOOOOOOC

(1) Choose the correct alternative answer for the questions given below.

(i) Which one of the following is an irrational number ?

16 3
mwg(mﬁ © 5 (D) V196
(i) Which of the following is an irrational number?

(A)0.17 (B)1.513 (C) 0.2746 (D) 0.101001000.....
(iii) Decimal expansion of which of the following is non-terminating recurring ?

2 3 3 137
A5 B ©) 11 (D) 55

(iv) Every point on the number line represent, which of the following numbers?
(A) Natural numbers (B) Irrational numbers

(C) Rational numbers (D) Real numbers

e P .
(v) The number 0.4 in — formis .....
40 4 3.6 36

4 .
(A) 3 B) 9 ©€) o D)o



(vi) What is ~/n, if n is not a perfect square number ?
(A) Natural number (B) Rational number
(C) Irrational number (D) Options A, B, C all are correct.
(vii) Which of the following is not a surd ?
W7 @ Ve (D)1
(viii) What is the order of the surd 3/75 ?
(A) 3 (B) 2 (C)6 (D)5
(ix) Which one is the conjugate pair of 2+/5++/3 ?
(A)-2/5+v3  (B)-2+5-+3 (C)243- 5 (D)3 +25
(x) The value of | 12 = (13+7) X 4 i v
(A) —68 (B) 68 (C) -32 (D) 32.
(2) Write the following numbers in § form.
(i) 0.555 (ii) 29.568  (iii) 9.315315... (iv) 357.417417... (v)30.219
(3) Write the following numbers in its decimal form.
R i A I N (N (O
7 11 13 8
(4) Show that 5 +./7 is an irrational number.
(5) Write the following surds in simplest form.
03 & (i) ~3 45
(6) Write the simplest form of rationalising factor for the given surds.
()32 ()50 (i) VI W) IV () (i) 4
(7) Simplify.

(i)g 147+§\/§_%\/ﬁ (ii) 5\/§+2\/ﬁ+% (iii) \/R—S\/Eﬂ/ﬁ—%
(IV) 4412 75 - 7448 v) 2\@—\/7_—%

(8) Rationalize the denominator.
L1 L2 1 ) 1 12
WE Wim  WFEm WM3Ean VWiga
O
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