Definite Integration

7 Let's Study

Definite Integral

Properties of Definite Integral

S,

Introduction

We know that if f(x) is a continuous function
of X, then there exists a function ¢(X) such that
¢'(X) = f(x). In this case, ¢(x) is an integral of
f(x) with respect to x and we denote it by
[(x) dx=d(x)+c. Now, if we restrict the domain of
f(X)to (a,b), then the difference ¢(b) - h(a) is called
definite integral of f(x) w.r.t. x on the interval

b
[a, b] and is denoted by j £ (x)dx .

Thus [/ (x)dx = §(b) - o(a)

The numbers a and b are called limits of
integration, 'a' is referred to as the lower limit of
integral and b is the upper limit of integral.

Note that the domain of the variable X is
restircted to the interval (a, b) and a, b are finite
numbers.

Let's Learn

6.1 Fundamental
Calculus.

theorem of Intergral

Let f be a continuous function defined on

(a, b)
[/ (x)dx = gx) +c.

Then [ £(xkie = o+
‘ = [¢(b) + ] - [¢(a) +¢]
= ¢(b) — ¢(a)

(

SOLVED EXAMPLES

Ex 1: Evaluate:

i)

iii)

Solution:
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There in no need of taking the constant of - I Vitx— \/_
integration c, because it gets eliminated. y 1+tx-—x
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(1+1+a)-0=0
2+a—-0=0
3 3 3 3 a=-2
= 3(1+1)5—3(1)5 - 3(1+0)5—3(0)5 a
. )
3 3 3 3 i1) J.3x dx =38
— 0
20 2 2 374
= 2 22—1}5[1—0] {x_} g
L 3 o
e a’-0")=8
_o2fg, @' =0
L a =8
- a=2
- 2 2\5—2]
3— b b
3 ) 2
1i1) Ix dx=0 and Ix dx=§
= i \/5—1] ¢ a
3L o b & b 5
|:_:| =0 and |:—:| ——
Ex 2 : Evaluate: 4 a 3 a 3

1 L/, 4 1 5 3 2
D If [Bx +2x+a)dx=0; find a. Z(b ~a*)=0 and 0 -a)=3
0

b*—a*=0and b'-a*=2

i) If [3¥°d =8 find the value of a. . b =d* - b=ta
g s
b b ) But b = a does not satisfy b® —a®*=2
iii) [x'dr=0 and [xdx= - Find the bea
values of a and b. .. b=-a
a Substitutingb=-ain p’ — g’ =2
iv) If [4x’dc =16, find a We get (-a)’ — a° = 2, —2a°=2
0
We geta=-1
v) Iff(x)=a+ bx + ¢ X2, show that
1 s b=-a=1
[ rwrae=1] so0ra7(3 o) . a=1, b=l
0
Solution: iv) _[4x3dx =16
0
1 4719
i) I(3x2+2x+a)dx=0 o4 216
0 4 0
1 4
Then {3x_3+2£+ax} =0 —[a4—0]:16
372 4
0
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a*=16 Solution:

a=2 2
ho L &
1 0 4+x—x
v s 2
0 = J- 2 dx
1 ) —X +x+4
= I(a+bx+cx2)dx 2 1
0 _ I dx
- 2 1 1
! ! l 0x" —x+————4
= aIldx+bedx+ch2dx 4 4
0 0 0 2 1
b - _ j ; > dx
2 3 2 2
= ar2i (1) ) |
2 3 _ J‘ dx
Now f(0) =a + b(0) + c(0)>’=a O[JﬁJ ( IT
R — x_i
f(1/2) =a + b(1/2) + c(1/2)? =a + b/2 + c/4 2 2
andf(l)=a+b+c i 2
W{x_l]
L toy+af[L]sta = log 2 2
P 0)+ > 1 A7 \/ﬁ_( —1j
2 2
L 0
= %{a+4(a+§+%)+(a+b+c)}
r 2
I P V17 +2x -
= é[a+4a+2b+c+a+b+c] \/ﬁ_ \/ﬁ—ZxH‘O
1 _ _
= g[6a+3b+26] = L log —\/ﬁ+4 1 _log —\/ﬁ !
17 J17-4+1 J17 +1
b c
= At—t—n. (2)
23 - L V17 +3 b J17 -1
From (1) and (2) BT B BV Ty Bl BV
‘ 1 1
= jf(X)dx:g|:f(0)+4f(5j+f(l):| B 1 o \/ﬁ+3x\/ﬁ+1
' N BT e
Ex 3 : Evaluate: 1 20+4\/ﬁ
= lo,
2 7 Bl 20-ai7
) J.4+)c—x2d)C
’ _ L 5417
BN TR PN

ii) T—de
0 )C2 +2x+3




ii) j—dx
0 \/xz +2x+3
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Vx4 2x+1—143

“ 1

d
!«/(x+l)2+(\/§)2 "
- [log (X+ 1)+ (x+1)* +(2)?
= [log‘(x+1)+\/x2+2x+3}4

= log(5++/16+8+3) —log(1++/3)
= log(5+343) —log(1++/3)

dx
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1
= —(-log2+1
2( g2+1)

C oe| 3T3V3 :
£ (1_,_\/5) = E(—log2+loge)
1 e
Ex. 4: Evaluate: = —log—
2 72
2
J. log x dx Ex. 5: Evaluate:
; p 1
. log x i
iy [ 1 !(x+1)(x+3)
1 , 1
Solution: i1) I —dx
L x(1+x7)
2
) J= J.logxdx Solution:
! 2
2 j)
z=j10gx.1.dx !(x+1)(x+3>
1 A B
21 Let = +
= logxx I—xdx (x+D(x+3)  (x+1) (x+3)
X
‘ 1=AX+3) +BX+1) oo 1)
= xlog X — X[’
[ o8 ]‘ Puttingx+1=0
= [(21082 —llogl)]—[z —1] i.e. X =—1 in equation (i) we get A= %
= (logd—-0)-1 Puttingx+3=0
= log4-1 1.e. X = =3 in equation (i) we get B = _?1
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1 1
1 )
(X+D(x+3)  (x+1)  (x+3)
~!.(x+l)(x+3)
- 2 E" m

= %[log|x+l| —log|x+3|]l2

= %(10g3—log2)—%(log5—log4)

= l{lo g—lo é}
g2 g4

3
-! (1+x)
1 A Bx+c
=—4
x(I+x*) x  1+x°

1= A0+ X)) +(BX+C)X o, 1

Let

Putting X = 0 in equation (i) we get A =1
Comparing the coefficient of x? and X, we
getA+B=0, B=-1&C=0

1 1 X

x(1+x3) x 1+

b dx
~!.x(1+x %)

3
=]
1
= [log|x|]l3 —%[log‘l + Xzﬂl3

3
X
dx — dx
~!.1+)c2

==

= (log3—logl)—l(log10—10g2)

- i) el

(log3- % log5)

log3—log5"* =log3—log~/5

()

: EXERCISE 6.1 j

Evaluate the following definite intergrals:

9

1
1. —dx
I
3
1
2. ;‘;x+5
ox
3
'!.xz 1
fx243x42
4. de
. Jx
3
5. _—
-!(x+2)(x+3)
2
dx
—d
6. -1[x2+6x+5 *

7. If I(2x+ 1)dx =2, find the real value of a.
0

8. If [(3x’+2x+Ddr =11, find a.
1

C I x

10 J% 3x dx
T L9 -))

3
11. Ilog xdx




6.2 Properties of definite integrals

PR [0
In this section we will study some properties > f(X)+ f(a+b-X)
of definite integrals which are very useful in

evaluating integrals. j (11-x%)
Property 1 : _[f(x) dx=0 L X+ (11-x7%)

b a Solution:
Property 2 : Jf(x) dx = —If(x) dx X 0 X
: ) ’ 1. J.f(x)dx = If(x)dx+_[f(x)dx
Property 3 : [ f(x) dx=[ /(7) dt K
a a = j(l 2x) dx+j(1+2x) dx
b c
Property4:£f(x)dx=£f(x)dx _ [X X] +[X+X]
+] f(x) dx, where a<c <b = [0-(-1-D]+[0+D-0]
¢ = 2+2=4
Property 5 : '[f(x) dx =_[f(a+b—x) dx 2. JX(l—x)"dx

a a B a d :a 3 dx
Property 6 : J f(x) dx :j f(a—x) dx y property }[ f(x)dx .(l; f(a—x)

1 n
2 . . 1 = [a-»[1-1-x)]
Property 7 : | /() dv=[ f(x) dc+ [ f(2a—x) d )
j(l—x)x" dx

0

[If f(—x) = f(x), f(X) is an even function.
If f(—x) = —f(x), f(X) is an odd function.]

1
a a — (xn _xn+l)dx
Property 8 : | /(x) dx=2[ f(x)dr iffisan !
. - ’ n+l ! n+2 1
even function _ | x | >
=0 if f is an odd function |:n-|_1:|0 {n+2l
( SOLVED EXAMPLES ) L ey
Ex. Evaluate the following integrals: n+1 n+2  (n+1)(n+2)
1 1-2%;X<0 - 1
L [ /() dc wheref(x)= 1, (n+1)(n+2)
-
a : J(x+4) dx
1-x)"d 3. Letl=|77—7/—7"F— ...c....... 1
2. !x( x)" dx € ,([%/(X_|_4)+%/(7_X) (1)
3. I Vx d By property | f(x)dx = [ f(a—x)dx
L Ux+4+ \/7 X 0 0
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J3-x)+4

I= dx J@)+flatb+x) o
'([i/(3—x)+4+{/7—(3.—x) jf(x)+f(a+b x)
= d =
!ﬂﬁ/ﬂ X @) !W
On adding equations (1) and (2) = [x]i
I7—x 2l =b-a
2= IJ7 x+\/x+4 \/7 x+3/x+4 n I:b—a
2
_ i//x+4+§/(7—x) dx . j‘ f(x) b—a
0 x+4+\/(7—x) . ) o+ flasb—) ==
:_([ldx j- (11 x) ...... (1)
4x +(11- x)
:[X]Z j_ x>
= 2 ax ... 2
21 =3 A1-x7)+x
I=§ By Property
2 b b
3 ey L3 !f(x)dx:.a[f(a+b—x)dx
0 i/ (x+4)+3/(7-x) 2 Adding equations (1) and (2)
b £(%) 2]:7 (11-x%) f x’
* !f(x)+1‘(a+b—x)OIX """" @ £x2+(11—x2) +£ H=x)+x
b b j-(x)+(11 x)dx
By property | f(x)dx = [ f(a+b—x)dx S o)+ 1=x)
-] fla+b-x) W [1ax
> fla+b—x)+ fl[(a+b—(a+b—x)] 4 ,
:[X]4
21 =3
j Jlaxhb=x) 40 @) 3
° fla+b—x)+ f(x) I :E
Adding equations (1) and (2) we get, To(11-xY) 3
[4 f(x) s 74[x2+(11—x2) 2
o S(X)+ fla+b-x)
I flavb=x)
 fla+b—x)+ f(x)
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: EXERCISE 6.2

j3)

Evaluate the following integrals:

9
X
1) '[4—x2 dx

9

I 2 3/2
2) Ix (a—x)""dx

0

3 !Jx+5+J9 x o
tAx

4

) .!\/;_Fmdx

R et

dx

R
6) '!\/;4- x9—x

4)

5)

6)

7)

8)

i f(x)dx= j f(x) dx+i f(x)dx

i f(x)dx = j f(@)dt
ff(x)dx:}f(a_x)dx
zf(x)dx=zf(a +b—x)dx
2ff(x)abc:j:'f(x)abc+If(2a—x)azx

j Fx)dx=2 j £ (x)dx, iffis even function,

—a 0

=0 |, if fis odd function

MISCELLANEOUS EXERCISE - 6 :j

I) Choose the correct alternative.

1 9 3
7 log| ——1 |dx Y =
) ! g( j 1) £ et

1 a) 0 b) 3 c) 9 d -9
8) Ix(l x)’ dx

0 ¢ dx

N Let's Remember
8 8
: o a) —log(—j b) log(—j

®  Rules for evaluating definite integrals. 3

b b b

JLf )£ g()ldx =[[f (x)dr £ [ g (x)elx ) 1og@ d) —log(—j

b b 3
D) [k fdc=k[ f(x)dx 3 X k=

a a S x’ -1
o l:roperties of definite integrals a) 1°g(§j b) —log(—)
1) jf(x)dx=o L(8 g

: a © 3 Og(gj d) ?bgg
2) [ fryde=—[ f(x)dx

a b
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0 II) Fill in the blanks.
4) "[ﬁ = 5
1) _[ e'dx = i
a) 9 b) 4 ¢ 2 d 0 q
5) If j3x2dx =8 thena="? 2) ! XA = e
' 8 1
a) 2 b) 0 c) — d a dx
3 3 3) ! Tl
6 xtdx = a
) ! 4) 1fj3x2dx:8thena = e,
1 D i E 0
D o5 Dy 9gy b5 9
) 5) J‘de — rrreereaeees
7) j e dx = 4 NX
a) e—1 b) l-e 6) Iﬁdx: .................
c) 1-¢? d -1 ’
b I —
8) [f(x)dx = 2
a b X’ _
) Jfmd b [ fd R e
c) _jf 7(x)dx d) T f(x)dx IIT) State whether each of the following is
Y 0 True or False
9) ‘7[ x’ v = 1) J.f(x)dx::[f(x)dx
he" .x2 +7 a —b
7 b b
a) 7 b)) 49 ¢ 0 4 2 ) [rde=|{rwad
R 3 [rde= | fa-ds
0 |7 e
7 5 b b
) 5 b 3 )7 d) 2 4) _[f(x)dx:'[f(x—a—b)dx
x3
5) js ———dv=0
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X 1 [
6 ——F—dx=— 12) | x?dx
) '!.\/3—x+\/; 2 -!.
o 9 1
) '!\/;+\/9—x 2 X
7 0 1
(11-x)° 3 14) j—dx
8 =— /
) !(11 0 xt 2 o VIt +4x
4
1
IV Solve the following. 15) l N dx
3
1) |——————adx ¢ ox
'!(x+2)(x+3) 16) -[x2+1dx
1
2) x+3 1
!x(x+2) 17) £2x—3dx
3
3) Ileogxdx 18) [ 5x
-!x2+4x+3
1 2
4) Iex2x3dx 19) I i 5
0 1 x(1+1og x)
2 9
1 1 1
5) e (— - —j dx 20 dx
J; x 2x ) '([1+\/;
1
6 —=dx
) ! Jx [ Activities
3
1
7 d 1 . . . :
) _J;—x+ 5 X )  Complete the following activity.
b
f Ydx=0
8) J‘ 2x dx If J.x X then
x -1 ¢
2 o\
FxX2+3x+2 (X_] =0
9 [ 1),
) x X
5 d Z(:l_:l):
10) | al
x+4+x-2 Soobt*=[]=0
3 =
1) j X (b"—a" I+ =0
S X7 +1 SB[ ]=0 as a*+b>#0
b=+ [
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2)

3)

j dx

4+ x—x°

2
_ J- dx

o —x ]+ ]
: dx
0—x2+x+i—|:|—4

1 log 20+ 417
J17 S\ 20-4017

<&

L)

1
= j log (Ej dx
0 I-x
Adding (i) and (i1), we get

1
1-x  x
2] = log{—x—}dx
'([ x [

= jlog [ Jdx =j.0dx=
0 0

8 s
X
4) dx
J;l—x2

5

X
f(X) - 1_ xz
(=)
/(=)= 1—x? 1—x>
Hencefis[ | function
8 x5
J 1— 2 dx = I:I
-8
DR




