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Iﬁ Let's Recall Introduction:
Concept of continuity In Standard X1, we have studied the concept

of differentiation. We have used this concept in

1.
2. Concept of Differentiability. calculating marginal demand and marginal cost
3.

Derivatives of some standard functions. of a commaodity.
& _ -
y =1(x) de S & Let's Learn
1 K(constant) 0
2 X 1 3.1 Derivative of a Composite Function:
3 X 1 Sometimes complex looking functions
F can be greatly simplified by expressing
X them as compositions of two or more
4 1 -1 different functions. It is then not possible
M Y2 to differentiate them directly is possible
with simple functions.
5 X" n.x"!
6 a a*loga Now, we discuss differentiation of such
b o o composite functions using the chain rule.
8 logx 1 Result 1: If y = f(u) is a differentiable function
= of uand u = g(x) is a differentiable function
X of x then
4. Rules of Differentiation: d_y _dy o du
If u and v are differentiable functions of X dx  du dx
and if (This is called Chain Rule)
d; d
1. y=u+vthen o, &
dx  dx dx
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Generalisation:

Ify is a differentiable function of U, U is a
differentiable function of u, , fori=1,2,3,
..... (n—1) and u_ is a differentiable function
of x then

dy _ b duy o

n

dc  du du, du, dx

(

SOLVED EXAMPLES )

1) y= (@ +3¢—2x)p. Find &

dx

Solution: Giveny = (4x® + 3x*> — 2x)°

2)

Let u = (4x® + 3x* — 2x)

y =u
=gy
du
= 6(4x® + 3x% — 2x)°
du
and au =12x2 + 6x — 2
dx
By chain Rule P dy i du
dx  du dx

? =6 (4% + 3x* — 2x)°(12x* + 6x — 2)
29

y =log(4x® + 3x — 1). Find Y
dx

Solution: Giveny = log(4x? + 3x — 1)

Letu=(4x2+3x—1)

y = log(u)
A 1
du u
dy 1
du  (@x*+3x-1)
d
and L = (8x+3)
dx
By chain Rule b - dy x du
dx  du dx

a _
du  (AXx7+3x-1)

dy _ _ 8X+3
d  (@xXT+3x-1)

d
3) Ify=3(3x+8x-7) , find ¥
) Iy =3 ) g
Giveny = ,3/(3x2+8x—7)5

3
3

(8x + 3)

Solution:

y= (3x2 +8x—7)

Letu=(3x*+8x—7)

y=u’
Q = §U§
du 3
2
@ é(3x2+8x—7)3
du 3
and 9 = (6x +8)
dx
By chain Rule @:Q x du
dx  du dx
2
P :§(3x2+8x—7)3 (6x +8)
u

4) If y — e(logx+6) , ﬁnd ﬂ
dx

Solution: Giveny = loex+6)

Letu=logx + 6
y=¢e"
Q = e
du
ﬂ — e(logx+6) and ﬂ -
du dx
By chain Rule b _dy o du
dx  du dx

dy — (logx+6) 1
i e
dx X

X |
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EXERCISE 3.1 ] ( SOLVED EXAMPLES )

Q.1

Q.2

Q.3

3.2

Find Q if,
dx

1) y= /x+1
X

2) y= R’ +x°

3) y=(5x—4x>—8x)°

Find Q if,
dx
1) y=log(logx)
2) y=log(10x*+ 5x*—3x°+ 2)

3) y=log(ax?+ bx + ¢)

Find @ if,
dx

5x2-2x+4
1) y= e
_ a(1+10gx)

2) y=
3) - 5(x+logx)

Derivative of an Inverse Function:

Let y = f(X) be a real valued function
defined on an appropriate domain. The
inverse of this function exists if and only if
the function is one-one and onto.

For example: Let f : R — R be such that

f(x) = x +10 then inverse of f is
f1:R — R such that f 1(y) =y —10
That is, ify = x +10 then x =y —10

Result 2 : If y = f(x) is a differentiable function

an

of x such that inverse function x = f(y)
exists, then X is a differentiable function of

y

dx 1

== Doy

dy Q dx
dx

1) Find rate of change of demand (x) of a
commodity with respect to its price (y) if

y =20+ 15x + x?
Solution: Lety =20 + 15x + x?

Differentiating both sides with respect to X,

we get
b - 15 + 2x
dx
By derivative of the inverse function
dx 1
o= Dy
dy dy dx
dx
rate of change of demand with respect
a1
to price = & 1542x

2) Find rate of change of demand (x) of a
commodity with respect to its price (y) if

y=5+x% *+2X
Solution: Lety =5+ x% > + 2x

Differentiating both sides with respect to X,

we get
dy - 2a—X —X
— =(—x%*+2xe*+2)
dx
By derivative of the inverse function
dx 1
== Do
dy dy dx
dx
Rate of change of demand with respect
) dx 1
to price = —

dy T (—x*e T +2xe ™ +2)

3) Find rate of change of demand (x) of a
commodity with respect to its price (y) if

_3x+7

Y= % +s

. _ O 3x+7
Solution: Let y = s

1 91 |
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Differentiating both sides with respect to X, we

get
dy _ (2% +5)(3) - (Bx+T7)(4x)
a (2x2 1 5)?

dy _ (6X*+15)—(12x* +28X)
d (22X +5)?

dy _ (6X*+15-12x* —28x)
d (2x* +5)°

dy (—6X> —28X+15)
2 (@x+35)

By derivative of the inverse function

1 g
- - 9
dy @’dx 70

dx

Rate of change of demand with respect to

_dx  (2x+5)
PHCE = oy = (C6x’ —28x+15)

EXERCISE 3.2 j

Q.2

Find the rate of change of demand (X) of
a commodity with respect to its price (y)
if

1) y=12+10x + 25x?
2) y=18x+log(x —4)
3) y=25x+log(1l + x?)

Find the marginal demand of a
commodity where demand is X and price
isy
1) y=xe*+7
2) y= X+2
Y
5X+9
3 =
)y 2x-10

3.3 Derivative of a Logarithmic Function:

Note :

Sometimes we have to differentiate a

function involving complicated expressions

like f(x).g(x), % and

case, we first transform the expression
to a logarithmic form and then find its
derivative. Hence the method is called
logarithmic differentiation. That is,

dlogy) 1 dy
dx Ty dx

Examples of Logarithmic Functions.

[f(x)]e™. In this

(6x+5)

boy= (3% —1)VB+2x

2) y=(E+ D x e+ 1)

1) The log function to the base "e" is
called Natural log and the log function to
the base 10 is called common log.

2) In ()", a is the base and b¢ is the index.

Some Basic Laws of logarithms:

1) log,mn=log.m + log.n
m
2) Ioga; = log,m — log.n
3) log,m"=nlog,m
log, m
4) log m= log, 7
5) loge=1(=loga)
6) loga =x
( SOLVED EXAMPLES )
1) Find & ify=@+x
dx

Solution: lety = (3 + x)*

Taking logarithm of both sides, we get
. logy = log(3 + x)*
. logy = x log(3 + x)
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(2x+3)
(3x—1)’(5x-2)

we get 3) Find 2 ify=

Differentiating both sides with respect to X,
dx \/

" 1 Q=x[¢)+log(3+x)xl

y dx 3+X 5
Solution: Lety = \/(3)((2;;:;;)( )
. Q =y [X(Lj+log(3+x)}
dx 3+X
y_[ (2x+3)’ JZ
dy _ X -
. d_);_(3+x) {3+—X+log(3+x)} (3x—1)’ (5x-2)

Taking logarithm of both sides, we get

2y Find ¥ ify= x* | (2x43)
dx o logy=— <log
2 (

Solution: Let  y= X" 3x-1)" (5x-2)

Taking | ithm of both sid t 1
aking logarithm of both sides, we ge logy = > [5log(2x + 3) — 3log(3x — 1) —

logy = log * log(5x — 2)]
logy = x* log(x)

) o . i Differentiating both sides with respect to X, we
Differentiating both sides with respect to X, & P

get
we get
x 1 J4 1 2 3 5
.1dy_x1 d ——y:_[Sz 3_33—1_5—2}
';E_XxHOg(X)'dx y d 2 (2x+3) ~(3x—=1) (5x=2)
dy Ny dx' dy1{10_9_5
S =y | xt—+log(x).— | e | S ===
ds y{ ¢ loe dx} ¥ a2 [@3) () (5x2))
Letu=x*
Taking logarithm of both sides, we get LA L[y { 0___9 s
de 2 N(2x-1) (5x-2)[(2x+3) (3x-1) (5x-2)]
logu = x.log(x)
Differentiating both sides with respect to X, 4)  Find dy  ify = x<+ (logx)*
we get dx
1 Solution: Lety = x*+ (logx)*
1 du =Xx. — +log(x).1 y (logx)
u dx X Let u = x*and v = (logx)*
@=u[1+logx] SooyEu+y
dx Differentiating both sides with respect to X,
we get
M@ +10g) an g
dx dy _ du . dv
Substituting eq" (IT) in eq" (1), we get A de  dx
E % =y [Xxl+log(x).xx(1+log x)} Now, u = x*
* X Taking logarithm of both sides, we get
R {l+log(x).(l+log X)} - logu = x logx
dx X
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Differentiating both sides with respect to X,
we get,
1 du

1
— — =x— +logx.1
u dx X
@:u(lﬂogx)
dx

% =X (1 410G X).oorooe. D)

Now, v = (logx)*
Taking logarithm of both sides, we get
logv = x log(logx)

Differentiating both sides with respect to X,

we get,
1 av 1
= — = + log (logx).1
v dx Xx.logx 9 (logx)
& =v {L+log(log X)}
dx log X
a (logx)* +log(logX) | ... (111
dx log X
Substituting eq" (II) and eq" (III) in eq" (I), we
get
& =x*(1+logx) + (logx)* +log(log x)
o log x
[ EXERCISE 3.3 ]
Q.1 Find & if,
dx
) y=Xx"
2) y=x
3 y=¢

Q.2 Find & if,
dx

1) y= (1+ljX
X

2) y=(2x+5)

_ (3x-1)
Y= \/(2x+3)(5—x)2

Q.3 Find Q if,
dx

1)y = (logx) + x
2) y=@+(y
3) y=10" 4107 410"

3)

3.4 Derivative of an Implicit Function:

If the variable y can be expressed as
a function of the wvariable x. that is,
y = f(x) then the function f(x) is called an
explicit function of x.

For Example: f(X) =x>+x73,y=logx + e

Ifitis not possible to express Yy as a function
of x or x as a function of y then the function
is called an implicit function.

For Example: ax®+ 2hxy + by?=0;
XTHyn= (X +y)m

The general form of an implicit function of
two variables x and y is f(x,y)=0

Solved Examples:

1) Find Y if y3—3y>x =x3+ 3x%y
dx
Solution: Given y3— 3y?x = x3+ 3x%y

Differentiating both sides with respect
to X, we get

=3+ Do+ 3y2x)
dx

3y? Y — Bxy Y —3x? Y
dx dx dx

= 3x*+6xy + 3y?

(3y?2—6xy — 3x?) % = (3x2+6xy + 3y?)
X

(y>—2xy — x) @ - (X +2xy +Y?)
dx

g




dy _ (x2+2xy+y2)
dx (y2—2xy—x2)

2y Find ¥ ifx =y
dx

Solution: Given x¥ = y*
Taking logarithm of both sides, we get
y logx = x logy

Differentiating both sides with respect to X,

we get
1 dy

+logy.1
y gy

1 d
+1 a
y — < ogx =— =X =

dy _ X dy
dc YV dx

(logx—i)d—y:[logy—zj
y )dx X
y.logx—x Q_(x.logy—y)
y dx X

ﬂ _ (x.logy—y) y
dx X y.logx—x

dy _ Y xlogy—y
de X\ ylogx—x

B Y
logx == = logy — -

3) If xmy" = (x + y)™" then show that,

dv_y
dx  x

Solution: Given x™.y" = (X + y)™n
Taking logarithm of both sides, we get
m.logx + n.logy = (m + n) log(x +y)

Differentiating both sides with respect to x, we

get
+1 (1 yJ
xX+y dx

ﬁJrndy (m+n)(lJr J
x ydx (x+y) dx

ml+nl@:(m+n)
x ydx

ndy (mtmdy (m+n) m
v dx (x+y)dx (x+y) X
n_(m+n)\dy [(m+n) m
y (x+y) dx (x+y) X
_nx+ny—my—ny dy | mx+nx—mx—my
y(x—i—y) dx x(x+y)
_nx—my a’y {nx—my}
y X
[nx my}
nx —my
@:z
dce X
EXERCISE 3.4
Q.1 Find Q if,
dx
1) Jrey=va

Q.2

Q.3

2)

2) X3+yi+4xy =0
3) x3+xy+xy?+y*=81
Find @ if,
dx
1) ye+xe=1
2) X = ety
3) xy=log(xy)

Solve the following.

1) I x5y’ = (x + y)*? then show that,

dy _ Y

e X

dy o2V
dx

that,

3) If e+e¥ = e then show that,

dy

. = —er

dx

If log(x+y) = log(xy) + a then show

G




3.5 Derivative of a Parametric Function:
dy_er d ()

Now we consider y as a function of x where o dt
both x and y are functions of a variable ‘t’.

Here ‘t’ is called a parameter.

Differentiate with respect to t
dx

Result 3: If x = f(t) and y = g(t) are differentiable T =2€* (1)
functions of a parameter ‘t’, then y is a J
differential function of x and p &

dy Now, & = %
d 1 d dx ax
@ _dt & dr
de  dx’dt
dt oL
dy _ 21t
- 2
[ SOLVED EXAMPLES 3 e 2"
& _ ¢
1) Find & ifx=2at,y = 2a¢ de | Mrte”

dx
Solution: Given x = 2at, y = 2at?
Now, y =2at?

Differentiate with respect to t

A =232t = dat

3)

Differentiate log(t) with respect to log(1+t?)

Solution: lety = log(t) and x = log(1+t?)

Now, y = log(t)

Differentiate with respect to t

.......... ()] 1
dt &=z 0)
X = 2at a t
- Now, X =log(1+ t?)
Differentiate with respect to t ) ) .
Differentiate with respect to t
% =22 e () dx 2t an
- = 2 ----------
dy dt 1+t
dy _ dt @
NOW’E Codx NOW,Q = 4t
dt dx @
dx _ dat dl
— T 5 1
dt 2a -
[ o
L R
At 1+t2
2
) Find ¥ ifx=exy=e” dy _ 1+t
dx dx 2t2
Vi

Solution: Given x=e?,y=¢€

y
Now,y = € t
Differentiate y with respect to t

4




E EXERCISE 3.5 ‘j

Q.1 Find ¥ i,
dx

1) x=at}y=2at
2) x=Z2at’y=at
3) X = e¥ y= (4t +5)

Q.2 Find ¥ i,
dx

1) x= (u +&j2 Y= (2)[“*5)

2) x=+l1+0°, y=log(l + )

3) Differentiate 5* with respect to log x

Q.3 Solve the following.
1) Ifx=a (1—%) ,y=a (1+%j then,

show that @ =-1

dx
2) Ifx= 4 =3 -t th
) Ix= 1y =8 e | then,
-9
show that @ :—x
dx 4y

3) Ifx=t.logt, y =t'then, show that
dy
—~ —-y= 0
dx

3.6 Second Order Derivative:

Consider a differentiable function y = f(x)

cdl_y = f '(X)is the first order derivative of
x

y with respect to x. It is also denoted by y’ or y,
If f'(X) is a differentiable function of X

then

dy 2
then d(dxj denoted by % or f "(x) is called
dx

the second order derivative of y with respect to
X. It is also denoted by y” ory,

If f"(x)is a differential function of X

d[dzyj p
2
then _\ %" ) denoted by —= or f”'(x) is
dx dx

called the third order derivative of y with respect
to X. It is also denoted by y"' or ..

( SOLVED EXAMPLES )
d’y

1) Find == |ify=x?
dx’

Solution: Giveny = x?

Differentiate with respect to X

Q = 2X
dx
Differentiate with respect to X, again

2
2) Find 4
d

5 !
X

ify=x®
Solution: Giveny =x®
Differentiate with respect to X
Q = 6Xx°
dx
Differentiate with respect to X, again

2

. dy .
3) Find =—=,ify=log x
) Sz Ty =log

Solution: Giveny =log x

Differentiate with respect to X

& -1
dx X
Differentiate with respect to X, again
dy_-1
d’ X
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2

. dy .
4 Find =< ify=e*

Solution: Giveny = e*
Differentiate with respect to X

d_y = 4%
dx

ﬁ EXERCISE 3.6

2

. dy .
Q.1 Find K{ if,

1) y=Jx
2) y=x°
3) y=x7
. dy .
.2 Find —= fif,
Q dx?
1) y=¢
2)  y=e®+D
3) y - elogx

IﬁLeﬂs Remember

Derivative of some standard functions.

= f(x
y =f(x) dv _ ¢ ®)
dx
1 K (constant) 0
2 X 1
3 Jx O
2x
‘ 1 -1
X X’
5 X" n.x"!
6 ar a*. loga
7 e e
8 logx 1
X

Rules of Differentiation:

If u and v differentiable function of X and if

d

1. y=u+vthen @:@+—V
dx dx dx

dy du dv

2 =u-vthen =X =— - —
y dx dx dx
dv du

d
3. =uvthen =X =y — +v —
y dx dx dx

4 _u ay _
. then =L =
y ; 2

Derivative of a Composite Function:

If y = f(u) is a differentiable function of u
and u = g(x) is a differentiable function of X

then
d_dv i
dx du dx

Derivative of an Inverse Function :

If y = f(x) is a differentiable function of
X such that the inverse function x = f'(y)
exists, then x is a differentiable function of
y and

d 1

e L

dy @ dx
dx

Derivative of a Parametric Function:

If x = f(t) and y = g(t) are differential
functions of parameter ‘t’ theny is a
differential function of x and

dy
dy _ dt
dx A’
dt
dx
— #0
a’t?S

g




ﬁ MISCELLANEOUS EXERCISE - 3 :j

Q.I] Choose the correct alternative.

1)

2)

3)

4)

5)

6)

Ify=(5x3-4x2-8x)°then =L = ---o-mmmmme
dx

a) 9(5x —4x% - 8x)?(15x°— 8x — 8)
b) 9(5x3 —4x% - 8x)° (15x>— 8x — 8)
c)  9(5x3—4x%—8x)8(5x*— 8x — 8)
d) 9(5x3—4x%—8x)°(5x*— 8x — 8)

Ify= x+E thend—y:?
X dx
x> -1 1-x?
a) X1 b) ———
25X +1 2xVx% +1

x> —1 1-X

) ——F——F— d) ——
) XXX +1 ) XXX +1

2

Ify = gloo then P - ?
dx
e 1 1
a) b) ; C) 0 d) E

If y = 2x% + 22 + a2 then Y - ?
dx

a) X b)4x c¢)2x d)—2x

then Q =7
dx

b) 5*.x° (5 + log5)
d)5*.x® (5 + xlog5)

Ify=5x°

a) 5.x* (5 + log5)
c)5*.x* (5 + xlogb)

Ify=log (e—zj then b - ?
X

dx

X—2

7) Ifax*+2hxy+by?=0  then 4 =7
dx
N Gaadlid) by L)
(hx+by) (hx+by)
(ax—hy) (2ax+hy)
) (hx+by) d) (hx+3by)

8) If x4y® = (x+y)mD

and @ =2 thenm="2

dx X
a) 8 b)4 ¢)5 d)20
9) Ifx= e’ , Y= c-e then Y =7
) y > o
— — X
a2 pni o= d) =
X X y y
10) If x =2at? y = 4at then P - ?
dx
1 b 1
2) 2at? ) 2at’
1 1
C)E d) 4at3
Q.II] Fill in the blanks:
1) If3x%y+3xy?=0
then Y -
dx
myn — m+n dy -0
2)  If xmy" = (x+y)m then =~ =
e X
3) If0=log(xy) + athen -2
dx e
_ — dy _
4) Ifx=tlogtandy=t"then == =.....
X
2
5) Ify=x.logx then ay - ..
X




2 d
6) ify=[log()] then <3 = ... 3) Ify=T[log(log(log)}", find -
X
1 d 4)  Find the rate of change of demand (x) of a
) Ifx=y +S then d_y =, commodity with respect to its price (y)
X
p if y = 25+30x — x2.
— aax ) _ .
8) Ify=e> then x PR 5)  Find the rate of change of demand (x) of a
commodity with respect to its price (y)
_ _ dy _
9) Ifx=tlogt,y=t" then == = ... fy = Sx+7
. 2x—13
10) Ify=(x+\/x2—1) ;
6) Find & ify=xx
dx
2 dy
then (X" -1) — = ... J
dx 7) Find 2 ify=2"
dx
Q.III] State whether each of the following is 3
True or False: 8) Find Q ify = (3X4_4)
dx (X+1)"(x+2)
1)  The derivative of log X, where ais constant ~ 9)  Find @ ify = x4+ (7x = 1)
dx
IS ! . . dy
x.loga 10) If y = x3+3xy?+3x% Find -
X
2) The deri_vativeﬁ of f(x) = a*, where a is 11) If xe+y2+xy = 7 Find dy
constant is x.a*"! dx
3) Thederivative of polynomial is polynomial. 12) If Xy* = x*—y? Find dy
d dx
4)  —(10")=x.10"
dx J 1 13) If x".y® = (x+y)*® then show that
5) Ify=logx then & ==
)yl dx Find & = 2
p dx X
6) Ify=e? then D =26
dx 14) If xay® = (x+y)@™ then show that
7)  The derivative of a* is a.loga
X Find & = 2
8)  The derivative of xX™.y" = (x+y)™™ js — dc X
g e _
Q.IV] Solve the following: 15) Find —if, x=5¢,y =10t
1)  Ify=(6x3—3x*—9x)¥, find Y d g
dx 16) Find d_yif,x:e3t,y:e
X
2) Ify= ,5/(3X2+8x+5)4 find & : :
’ dx 17) Differentiate log(1+x?) with respective to
aX
( 100 |




18) Differentiate e“* with respective to 10 Solution : Lety = 30 + 25x + x?

d2 Diff. w.r.to x, we get
19) Find £2,ify =log(x)

dx L -O+0+0
dZ dx
20) Find —f if y = 2at, x = at? d
dx D =25+ 2x
) dx
N T
21) Find E" y=xe By derivation of the inverse function
dx 1 dy
22) If x2+6xy+y?= 10 then show — ==, Z 40
) y+y ol s

80
dzy _

dy - ——— Rate of change of demand with respect to
a2 (3x+ y)

that
rice = 1
P =, 0

23) If ax?+2hxy+by? = 0 then show p
(3): find & | if y = x99+ 10
dx

2
that 42 =0
dx2
Solution:- Lety = x(o®+ 10~

[ Activities ] Letu=xbo =10
(1): y = (6x* — 5x3 + 2x + 3)° find % |
Solution:- Given

y = (6x* — 5x3 + 2x + 3)8

Let u = [6x* — 5x% + ] + 3]

y=u+v
Now, u = x'os

Taking log on both sides, we get

logu = logx'o%
Ly = _
SLy=u logu = logx.logx
Sy logu = (logx)?
du
Diff. w.r.to x, we get
du _ 3
And il 24x3 —15([ ])+2 Ldu _ 2(log x) Cg
u dx dx
By chain rule
e L B | 210gx ]
W O o TR
dc O dx 1
@zx'og{zm xi} ......... (1)
dy _ 4_ &y3 O dx
= =5(6x* — 5%+ 2x + 3)
dx Now, v = 10*
x (24x3—-15x2+[]) Diff.w.r.to x, we get
LT
(2): The rate of change of demand (x) of a dt

commodity with respect to its price (y). Substitution equation (1) & (III) in

If y=230+25x + x? equation (I), we get




. dy . N
Y _ X8 {2logx+l}+10".log(10) 5:Find 2 ifx=e,y=¢
dx X dx
. . i
d Solution:- given,x =e,y=e €
(4): Find & | if yx = e 4
X Now,y = €
Solution:- Given y* = ey Diff. wrto t
Taking log on both side, we get,
. Sdy g dl]
. log (y)* = log (e)*" : Z=e ot
~x[J=[1lloge A1 1
.'.X.|Ogy:(X+|:|).1 ..dt— .2\/; ......... ()
X logy=x+[] Now, x = et
Diff. w.r.to x, we get Diff w.r.to t
ax 2 ddyogy 1=+ @ dx_ an
y dx e T e
1 dy d dy
Cox——+1 = @
: xydx+ ogy =1+ - Now, & 4f
dc ]
fﬁ_d_y 1-1]
ydx dx N7
e
-ﬂ(z_lj =[]~ logy " O
dx y o
dy _ ([]-logy)(y) PR
& XY .




