8 CONTINUITY
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&3} Let's Study

e  Continuity of a function at a point.

e  Continuity of a function over an interval.

e Intermediate value theorem.

Let's Recall

e Different types of functions.

e Limits of Algebraic, Trigonometric,
Exponential and Logarithmic functions.

e  Left hand and Right hand limits of functions.

8.1 CONTINUOUSANDDISCONTINUOUS
FUNCTIONS

The dictionary meaning of the word continuity is
the unbroken and consistent existence over a
period of time. The intuitive idea of continuity is
manifested in the following examples.

(1) An unbroken road between two cities.
(i) Flow of river water.
(111) Railway tracks.

(iv) The changing temperature of a city during a
day.

In winter the temperature of Pune rises from
14°C at night to 29°C in the afternoon. This
change in the temp is continuous and all the
values between 14 and 29 are taken during 12
hours. An activity that takes place gradually,
without interruption or abrupt change is called a
continuous process. There are no jumps, breaks,

gaps or holes in the graph of the function.

8.1.1 CONTINUITYOFAFUNCTIONATA
POINT

We are going to study continuity of functions of
real variable so the domain will be an interval in
R. Before we consider a formal definition of a
function to be continuous at a point, let’s consider
various functions that fail to meet our notion of
continuity. The functions are indicated by graphs
where y = f(x)

Y Y
A

/f(x)
) (I] > X <«

5
>

T

< » X
o0 a
v v
Fig. 8.1 Fig. 8.2
Y
A
Jx)
< } »X
a
v
Fig. 8.3

The function in figure 8.1 has a hole at x = a.
In fact f(x) is not defined at x = a.

The function in figure 8.2 has a break at x = a.

For the function in figure 8.3, f{a) is not in the

continuous line.




8.1.2 DEFINITION OF CONTINUITY

A function f(x) is said to be continuous at a point
x = a, if the following three conditions are
satisfied:

i. fisdefined at every point on an open interval
containing a.

il. lim f(x) exists

iii. lim /(x) = ().

Among the three graphs given above, decide
which conditions of continuity are not satisfied.

The condition (ii1) can be reformulated and the
continuity of f{x) at x = a, can be restated as
follows :

A function f{x) is said to be continuous
at a point x = q if it is defined in some
neighborhood of ‘@’ and if

lim [f (a + ) ~f (@)] = 0.

IMustration 1. Let f(x) = |x| be defined on R.
f(x) = —x , for x<0

= x , for x>0
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Consider, lim f(x) = lin(} (—x)=0
x—0" x>
lirg fx)= lirrg x)=0

lim f(x)= lim f(x)=7(0) = 0

Hence f(x) is continuous at x = 0.

Illustration 2 : Consider f (x) = x> and let us

discuss the continuity of f at x = 2.

) =x
s fQ)=2=4
lim /) = lim () = 2=4

s lim f(0=f(2) =4

x—2

.. The function f'(x) is continuous at x = 2.

Observe that fix) = x°, x%, ... etc. are continuous
at every point. It follows that all polynomials are

continuous functions of x.

There are some functions, which are defined
in two different ways on either side of a point.
In such cases we have to consider the limits of
function from left as well as right of that point.

8.1.3 CONTINUITY FROM THE RIGHT
AND FROM THE LEFT
A function f (x) is said to be continuous from the

rightat x =a if lim f(x) =f(a).

A function f (x) is said to be continuous from the
leftatx = aif lim f(x) =f(a).

If a function is continuous on the right and also

on the left of a then it is continuous at a because
lim f{x) =fla)= lim f(x).
x—a" x—a

[llustration 3: Consider the function f'(x) = |_ XJ
in the interval [2, 4).

Note : L X J is the greatest integer function or floor

function.




Solution :

£ = |x], forxe [2,4)
thatis f(x) = 2 , forxe [2,3)
= 3 , forxe [3,4)

The graph of which is as shown in figure 8.5

Test of continuity at x = 3.

Forx=3,/3)=3
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lim f(x)= lim | x| = lim (2)=2,and
x—3" x—3" x—3"

lim f(x)= lim |x|=lim (3)=3
x—3" x—3" x—3"

lim f(x)# lim f(x)

x—3"

. f(x) is discontinuous at x = 3.

INustration 4 :
) 3
Consider f(x)=x>+ 5 for0<x<3
=5x—4.5 for 3<x<5;

3
Forx=3, f(3)=3"+ 7 =105

. : 3 3
fm £ = lim (x2 + S)=3+ 2 =105

x—3" 2

)}ig}f(x) - 933 (5x—4.5)=15-4.5=105

lim f(x)= M7y =105

x—3"

x—3"

L lim e =7(3)

.. f{x) is continuous at x = 3.
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8.1.4 Examples of Continuous Functions.

(1)

2)

€)

(4)

()

Constant function, that is fix) = k, is
continuous at every point on R.

Power functions, that is f{x) = x", with
positive integral exponents are continuous at
every point on R.

Polynomial functions,

P(x) = ax"+ax*'+ax™ + ... +a x+a
. . n- n

are continuous at every point on R

The trigonometric functions sin x and cos x
are continuous at every point on R.

The exponential function a* (¢ > 0) and
logarithmic function log x (for x, > 0, and b,

b # 1) are continuous on R.




(6) Rational functions are of the form Px) ,
O(x)

Q(x) # 0. They are continuous at every point

aif Q(a) #0.

8.1.5 PROPERTIES OF CONTINUOUS
FUNCTIONS:

If the functions f and g are continuous at x = q,
then,
1. their sum, thatis ( f + g ) is continuous at

X =d.

2. their difference, thatis ( f — g) or (g — f) is
continuous at x = a.

3. the constant multiple of f{x), that is k.f, for
any k € R, is continuous at x = a.

4. their product, that is ( f.g ) is continuous at
X=a.

5. their quotient, that is S , if g(a) # 0, is
continuous at x=a.  ©

6. their composite function, f[g(x)] or g[f(x)],
that is fog(x) or gof(x), is continuous atx = a.
8.1.6 TYPES OF DISCONTINUITIES

We have seen that discontinuities have several
different types. Let us classify the types of
discontinuities.

8.1.7 JUMP DISCONTINUITY

As in figure 8.2, for a function, both left-hand
limit and right-hand limits may exist but they
are different. So the graph “jumps” at x = a. The

function is said to have a jump discontinuity.
A function f{x) has a Jump Discontinuity at

x = a if the left hand and right-hand limits
both exist but are different, that is

lim f()# lim f(x)

Ilustration 5: Consider
fx)=x*—x—5,for4<x<-2.
=x3—4x—3,for2<x<I1.
Forx=-2,f(-2)=(-2)}—-4(-2)-3=-3

lir_l}f(x)z an_lz (x*—x—5)=4+2-5=1and

lim f(x)= lim (¥’ —4x —3)=-8+8 -3 =3

x—>-2"
g hfle, Sx)# li{r21+ S )
Hence ’liril} f(x) does not exist.

.. the function f{(x) has a jump discontinuity.

8.1.8 REMOVABLE DISCONTINUITY

Some functions have a discontinuity at some
point, but it is possible to define or redefine the
function at that point to make it continuous. These
types of functions are said to have a removable
discontinuity. Let us look at the function f(x)
represented by the graph in Figure 8.1 or Figure
8.3. The function has a limit. However, there is a
hole or gap at x = a. f{x) is not defined at x = a.

That can be corrected by defining f(x) at x = a.

A function f{x) has a discontinuity at
x=a, and lim f(x) exists, but either f{a) is not
defined orxﬁ;n f(x)# f(a). Insuch case we
define or rejzr(eaﬁne fla) as lim f(x). Then with
new definition, the funé?iim f(x) becomes

continuous at x = a. Such a discontinuity is

called a Removable discontinuity.

If the original function is not defined at a and the
new definition of f makes it continuous at a, then

the new definition is called the extension of the

original function.




Illustration 6:

x> +3x-10

Consider f(x) = 3 , forx #2.
x —

Here £{(2) is not defined.

x2+3x—10]

i - iy [

i [ G=2)(x49) ]

e (x—2)(x2 +2x+4)

= lim
x—2

44444 12

x+5 245 l
XX +2x+4

Here f(2) is not defined but lin; flx) exists.

Hence f{x) has a removable discontinuity.
The extension of the original function is
x> +3x-10
fx)= ——F———forx#2
x =8

= E forx=2

This is coninuous at x = 2.

8.1.9 INFINITE DISCONTINUITY

Y
3

4

1
Observe the graph of xy = 1. y = f{x) = — is the

X
function to be considered. It is easy to see that
fix) > wasx — 0" and f{x) > —oasx — 0.
A(0) is not defined. Of course, this function is
discontinuous at x = 0.

A function f{x) is said to have an infinite
discontinuity at x = a,

if lim f(x) =00 or lim f(x) = o0

x—a

Fig. 8.7 says, f(x) has an infinite discontinuity.

8.1.10 CONTINUITY OVER AN INTERVAL

So far we have explored the concept of continuity
of a function at a point. Now we will extend the

idea of continuity on an interval.
Let (a, b) be an open interval. If for every

X € (a, b), f'is continuous at x then we say that
fis continuous on (a, b) .

Consider f defined on [a, b). If f is continuous
on (a, b) and f is continuous to the right of a,

lim f(x) = f(a) then fis continuous on [a, b)

Consider f defined on (a, b]. If f is continuous
on (a, b) and f is continuous to the left of b

lim f(x) =f(b), then fis continuous on (a, b]
Consider a function f continuous on the open
interval (a, b). If lim f'(x) and ,}1_2} f(x) exists,

then we can extend the function to [a, b] so that it

is continuous on [a, b].

( SOLVED EXAMPLESj

Ex. 1. : Discuss the continuity of the function
f(x)=x—3|atx=3.

Solution : By definition of a modulus function,

the given function can be rewritten as




if x<3

J) —(x-3)

= x-3 if x>3
Now, for x=3, fi3) = 3-3 = 0.
lim f(x)=—3-3)=0and

x—>3"

lim f(x)=3-3=0
x—3"

so, lim f(x)=lim f(x)=0 = lin}f(x)ZO
x—3" x—3" x—>

J)=Ix-3

Fig. 8.8

and lirr31 f)=f@3) =0
Therefore the function f{x) is continuous at x = 3.

Ex. 2

continuous on the set of real numbers

: Determine whether the function f is

where fix)=3x+1, for x<2

=7, for 2<x<4

=x2>—-8 for x>4.

Ifitis discontinuous, state the type of discontinuity.

Solution : The function is defined in three parts, by
polynomial functions, and all polynomial functions
are continuous on their respective domains. Any
discontinuity, if at all it exists, would be at the
points where the definition changes. That is at

x=2and x=4.

Let us check at x = 2.

f(2)=7(Given)

lim f(x)= lim Gx+1)=3Q2)+1=7.
xX—> x—2"

and lirg fx)=17,
So lim f(x)= lirgf(x)=7 = lin;f(x)=7
x—2" x> x=

Also, lxllrzl f)=f2)="7

.. f{x) 1s continuous at x = 2.

Let us check the continuity at x = 4.
fiy=@-8)=8

}131 fx) = £1_1)1} (7)="7 and

lir}‘l+ fx)= liral (x*—8)=4>-8 =8
lim f(x)# lim f(x)
SO linal f(x) does not exist.

Since one of the three conditions does not hold at
x =4, the function. Hence f'(x) is discontinuous at
x = 4. Therefore the function f (x) is continuous
on it’s domain , except at x = 4. There exists a
jump discontinuity at x = 4.

.. f1s discontinuous at x = 4.

Ex. 3 : Test whether the function f(x) is continuous

at x = — 4, where

x> +16x+48

fi —4
x+4 , for x #

fx)=

= g, for x = 4.

Solution : f(—4) = 8 (defined)

[x2+16x+48]

lim £(x)= lim o

x—>—4 x—>—4

_ lim ((x+4)(x+12)J

x+4

lim4 (x+12) ....... [“x+4=0]
=—4+12=8

~lim f(x) =f(=4) =8

.. by definition, the function f{x) is continuous at

x=-—4.




Ex. 4 : Discuss the continuity of /'(x) = V9—a?,
on the interval [ =3, 3 ].

Solution : The domain of f'is [-3, 3].
[Note, f{x) is defined if 9 — x> > 0]

Let x = a be any point in the interval (-3, 3 ) that
isae(-3,3).

lim f(x) = lim /9 _ x?
- Vo-a* ~f(a)
s fora=3,f(3)=0and fora=-3,/-3)=0
Now, lim fix)=£3)=0
x—3"
and ling+ f(x)=f-3)=0

Thus f'(x) is continuous at every point on (-3, 3)
and also continuous to the right at x = =3 and to
the left at x = 3.

Hence, f'(x) is continuous on [—3, 3 ].

Ex. 5 : Show that the function f (x) = LXJ is not

continuous at x = 0, 1 in the interval [—1, 2)

Solution : fx)= LxJ forx e [—1,3)
thatis f(x)= —1 for x € [—1,0)
f(x)=0 for xe [0,1)
fx)=1 for xe [1,2)
Y
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Test of continuity of fat x = 0.
Forx=0,£0)=0

lim f(x)= lim LxJ = lim (-1)=-1and
x—>0" x—0" x—0"

lim f(x)= lirg LxJ = lim (0)=0

x—0" x—0"
/9 i 09
Therefore f'(x) is discontinuous at x = 0.
Test of continuity of fat x = 1.
Forx=1,/1)=1
i /)= i ] = lip © = 0and
i 1)~ iy ] = lip )=
lim f(x) = lim f(x)
Therefore f'(x) is discontinuous at x = 1.

Hence the function f'(x) = LxJ is not continuous
atx =0, 1 in the interval [-1, 2 ).

Ex. 6 : Discuss the continuity of the following

function at x = 0, where

f(x)=xsin (i],forx#O
=0, for x = 0.
Solution : The function f (x) is defined for all
x e R.
Let’s check the continuity of f(x) at x = 0.
Given, forx = 0, f{0) = 0.

we know that, —1< sin (lj <1 forany x # 0
X

Multiplying throughout by x* we get

. 1
—x2<x’sin (— <x?
X

Taking limit as x — 0 throughout we get,




lim (—x?) < lim {f sin[lﬂ < lim (x?) {Since lim [sm@] — 1= im (tan@ﬂ
x—0 x—0 X x—0 00 0 050 9

1 2
0< lim[x2 sin (—ﬂ <0 k= 3
x—0 X
Ex. 8 : If fis continuous at x = 1, where

.. by squeeze theorem we get,

v 8 1) = Sm(”lx) ta, forx<l
) > (1Y Z
£1_r)r01 {x sm(; 0 =2n , forx=1

1+ cos(x)

. . (1 -
lim f(x) = lim {xz s1n(;ﬂ =0 r(1-x)’
then find the values of @ and b.

+b, forx>1,

li =f(0)=0
) J®=7©) Solution : Given that f'(x) is continuous at x = 1
.. f(x) is continuous at x = 0 linl} fx)= linlq fx) = f(A) s (1)
Ex. 7 : Find £k if f(x) is continuous at x = 0, where Now, )1{2111 fx) = Q.
fay= XY x2£0 lim [SnC7) , ) = on
sin 3x Xl 1
=k for x=0

Putx-1=1t, x =1+t asx—1,t—0

Solution : Given that f{x) is continuous at x = 0,

lim (wwj _on

~ f(0) = lim f(x) 10
x—0 t
x sin(m + 7t
k = lim | Xe +tanx linol (#_,_aj —on
0 sin 3x ” 4
.  tanx
e+ x i —sin 7t
= |1 —_— m + —
1}5} sin3x 10 / @) =2n

. 1 t .
_ lim (sm;r j % 7T+ lim (a) =2n

hng(e )+1nr01(tanxj o o

= (sni?ax) —-()n+a=2n = a = 3n
x—)()

RN {l}g} (sin@j :1}
| 525 asx — 0,3x — 0 0




im (1 + cos(mx)

= z(1-x)

+bj =27

Putl-x=60..x=1-0,asx— 1,0 -0

. },lf(} 1+cos7(r79751—9))+bj o

-, lim %wj =2n

-, lim $+b] =2m
Zsinz(ﬂ;]

im |2 | o

0—0

T ? .
—] + lim (p) = 2p

T 3n
+b= ==
5 b=2x b >
_3r
a=3n ,b——2

Ex. 9 : Identify discontinuities for the following
functions as either a jump or a removable

discontinuity on R.

2_ J—
(1) f )= 2218
x—6
2)gx)=3x+1, for x<3
=2-3x, for x>3

B)h(x)=13—x% for x<5
=13 -5x, for x>5

Solution :
x*=3x-18
x—6

Here f(x) is arational function, which is continuous

(DS ()=

for all real values of x, except for x = 6. Therefore
f(6) is not defined.

. ) 2 Al
Now, lim 7(y) = lim (L);“gj
=

— lim
x—6

((x—6)(x+3))
x—6

=M 43) [+ (-6)%0]
oM £ =9
Here f(6) is not defined but %Clgél f(x) exists.
Hence f'(x) has a removable discontinuity.
2) g =
= 2-—3x,

3x+1, for x<3
for x > 3

This function is defined by different polynomials
on two intervals. So they are continuous on the

open intervals (— oo, 3) and (3, ).
We examine continuity at x = 3.
For x = 3, g(3) = 2-33) = -7
lim g (x)=lim (3x+1)=10and
lim g ((x)= lim (2-3x)=-7
x—3" x—3"
lirgl g@# lim g(x) .. 1iII3l g () does not exist.
xX—> x—3" x—

Hence g is not continuous at x = 3.

The function g (x) has a jump discontinuity at

x=3.

(3) 1 (x)

13 —x%,for x<5,

=13-5x ,for x>5,




but A(5) is not defined.
h(x) is continuous at any x < 5 and x > 5

lim h(x) =

x5

}E? (13—x)=13-25=-12
and }Lr? h(x) = }g? (13-5x)=13-25=-12
So, ll_gl h(x) = }Lrgl h(x) .. E}Iﬁl h(x)=-12
But for x = 5, f(x) is not defined.

So the function /(x) has aremovable discontinuity.

Note :
We have proved that lim Sinx — 1,
x—0 X

Some standard limits are stated without proof.

x—0 X

im a—1 —
lim L =loga

lim (1+t); =e

x—0

x—0

1
lim (1—¢) =¢'= 1
e

lim log(1 +) _

x—0 X ’

lim logd =) _

x—0 X

These can be proved using L' Hospital's rule, or
expressions in power series which will be studied

at advanced stage.

Ex. 10 : Show that the function

cosx (%—x
f(x)=—e, for x # ——
cotx 2
= log5-¢e , foer%

has a removable discontinuity at x = %

Redefine the function so that it becomes

. T
continuous at x = o

Solution : f(n/2) = log5—e¢

)

cotx

Now, lim f(x)=lim |5 €

3
x> x>
2 2

b b T
Let——x=t,x=——-tasx—>—,t—0
2 ’ 2 27

lim /(x) = lim ﬁ
3 cot| ——t¢

Ssint _et
=0 tanz

- llm SSim_l—et-f-l
=0 tan ¢

_ hm (Ssint _ 1) _ (et _ 1)
=0 tant
5Sint _1 ~ et _1
= lim ! !
=0 tant
t
[As t—0, t = 0]
sing 5% —1 ¢ —1
X -
= lim t sin ¢ t
=0 tant
t
[sint 0]

_ (D.(log5)-1 lw(m;g) M(ta;e)

. e -1 ) a—1
1 11m[ J: l,llm(ij =loga
x>0 X x—0 X

lim f(x)=1log5-1

x>
2

f(m/2)is defined and lim f(x) exists

x>
2

But lim /()% /(3)




..the function f{x) has removable discontinuity.
This discontinuity can be removed by redefining
f(n/2)=log5-1.

So the function can be redefined as follows

e dt)
cotx > for x 7 2

J)=

_ _ =T
log5—-1, forx >

1
Ex. 11:If f(x)= (3“2]‘ ,forx#0,

2-5x
is continuous at x = 0 then find /'(0)

Solution : Given that f{x) is continuous at x = 0

2

x—0
—5x

= lim

()
|

x—0

=5 [hm(l + kx)é = e:|

x—0

Ex. 12 :If fix) is defined on R, discuss the

continuity of fat x = %, where

SCOS)C + S—COS)C _ 2

(3cotx).log (2+712—ij

f(x)= ,forx;é%

_ 2log5

- _T
, forx = )

Solution : Given that, for x = %,
Vi3 2log5
/ ( 2 j 3

5COSX + S*COSX _ 2

24mw=2
3(cot x) log(+ﬂ2xj

lim f(x)= lim
x—)z x—

0 |

_ llm SCOSX + 5—COSX _ 2

x—)g _2
2 3(cotx)log(1+n 5 x)

Let 7 2% =t = x=i—tasx—>i,t—>0
2 2
lifrnl f(x)
xaz
T T
COS(Z—t) —COS(z—lj
— lim | 3 +5 -2
t—0 T
3cot(2—tj.log(1+t)
= lim

5sint +5—sint )
% | 3(tant).log(1+1)

Ssint(ssint +5—sint _2)
= lim

t—0

3(tant) log(l + t).SSint




B hm (SSIHZ)2+1_2XSSIHI

=0 | 3(tant) log (1+7)(5°%)

SSint 1?2
= lim ( )

=0 | 3(tan1).log (1+1).(55"")

Ssint _1 2 .
%xsmzt
— lim sin” ¢

3(tan ¢).log(1+1).(5°™)

t is small but # # 0. Hence sin¢ # 0

So we can multiply and divide the numerator by

. 2
ESSmtlJ (sintj2
. X
. sint t
= lim
t—0
3(tantj'10g(1+f).5sint
t t

sin’t

[Dividing Numerator and Denominator by #* as

t#0]

. 2
|  (sint)?
lim - xlim| ——
-0 sint -0 t { 1 j
— x lim
1—0 1
3lim(tantj.lim(log(1+t)j gsint

-0 t -0 t

(log5)*x(1) 1 hm(sinej:uim[tanej:l
= .. X -0\ @ 00\ @

M 50 .
1im(l°g(l+x)j=1,nm(“ _1]:1oga

x=0 X X—0 X

. linzl fx) = @

. T
M fo # f (5)

T
. f{x) is discontinuous at x = (—j

Activity 1 :

Discuss the continuity of f{x)

log x—log5
where f(x) = s forx#5
I
=3 orx=>5
Solution. : Given that f{5) = |:| ........... @

linslf(x):lin}[logx—logS}

putx—5=¢t .. x=5+tAsx—5,t—0

_ lim

{bg(D)—logS}
t—>|:|

t

e
- t—>|:| 5

t
log [1 + j
lim 5) L

T _1

S &11}13 f(x)= 0

.. from (I) and (II)
lim /(x) = /(5)

". The function f{x) is continuous at x = 5.




8.1.11 THE INTERMEDIATE VALUE
THEOREM FOR CONTINUOUS
FUNCTIONS

Theorem : If f is a continuous function on a closed
interval [a, b], and if y  is any value between f(a)
and f(b) then y = f(c) for some c in [a, b].

AY

44 Six)

A

Fig. 8.10

Geometrically, the Intermediate Value Theorem
says that any horizontal line y = y, crossing the
Y-axis between the numbers f(a) and f(b) will

cross the curve y = f (x) at least once over the
interval [a, b]. The proof of the Intermediate Value
Theorem depends on the completeness property
of the real number system and can be found in
more advanced texts. The continuity of f on the
interval is essential. If f is discontinuous at even
one point of the interval, the conclusion of the
theorem may fail.

Illustration 1 : Show that there is a root for the
equation x* —x —1 = 0 between 1 and 2

Solution : Letf(x) =x*—x—1.f(x) is a polynomial
function so, it is continuous everywhere. We say
that root of f(x) exists if

f(x) =0 for some value of x.

Forx =1, f(1) = P-1-1=-1<0
so,f(1) <0

Forx = 2, fi2) = 2°-2-1= 5> 0 so,
fi2) >0

So by intermediate value theorem there has to be
a point ¢ between 1 and 2 with f(c) = 0.

Hence there is a root for the equation

x*—x—-1=0 between 1 and 2.

( EXERCISE 8.1 J

1) Examine the continuity of

(1) fx)=x*+2x*—x—2 atx=-2.

(i) f(x)=sinx, forxs%
= COS X, forx>%, txZ%
2
-9
(i) () = —— , forx#3
x=3
=8 forx=3

2) Examine whether the function is continuous
at the points indicated against them.

() f)=x—2x+1, if x<2

=3x—-2, ifx>2, atx=2.
> +18x-19
i) f)= 2 for x#1
x—1
= 20 for x=1, atx =1
X
(1) f(x) = +2 , for x<0
tan 3x
7
=3 forx>0 , atx=0.

3) Find all the points of discontinuities of
flx)=]x]| onthe interval (-3, 2).

4) Discuss the continuity of the function
fix)=12x+3|, atx=-3/2




5) Test the continuity of the following functions
at the points or interval indicated against
them.

1) fx)= D) , for x#2
1
=—, for x=2
5
at x=2
(i) f= ——5 "5 for x#2
ii x)= or x
Vx+2—-+3x-2
= -24 for x=2 atx=2
(i) f(x) = 4x+1, for x<8/3.
59-9x
=73 , for x>8/3, at x=28/3.

1

(27-2x)* -3

T, forx#0
9-3(243+5x)3

(iv) f(x) =

= 2 forx = 0, at x=0
x> +8x-20
= ——— for0< 3; x#2
W &) = 5 a9 g or0<x<dx
=12, forx=2
2-2x-x"
= — for3<x<4
x—4

at x=2

6) Identify discontinuities for the following
functions as either a jump or a removable
discontinuity.

x> —10x+21

(i /) —

(i) f(x) = x*+3x—2 , for x<4

= 5x+3 , for x>4.

(i) f(x) = x*—-3x—-2, forx< -3
= 3+ 8 , for x> 3.

(iv) fix) = 4+sinx , for x<m
= 3-cosx forx>n

7) Show that following functions have
continuous extension to the point where f{x)
is not defined. Also find the extension

1—cos2x

1 fx) = Sinx , forx#0.

3sin® x +2cos x(1 —cos 2x)
2 (1 —cos’ x)

(i) f(x)= , for x#£0.

2
X -

(iii) £ (x) = for x # —1.

X+

8) Discuss the continuity of the following
functions at the points indicated against

them.
() f(x) = M xE-
T —3x 3
BER o
- 4 ) or x = 3 ,at.x— 3
3 el/x_l
(i) f(x) = & 41 , forx#0

=1 , forx=0,at x=0.
4x_2x+1+1
() f(x)=——5— , forx #0
1—cos2x
_ (log2)*

, forx=0,atx=0.
2

9) Which of the following functions has
a removable discontinuity? If it has a
removable discontinuity, redefine the
function so that it becomes continuous.

Ssinx 2x
e —e

, for x #0

(i) fx)=

= 3/4,

Stan x —3x

for x= 0, at x=0.




(1) f(x)= log(mx) (1+5x) for x>0

321
8" —1 ’

1

(i) £(x) = (3‘8’6)" for x #0.

3-2x

(iv) f()=3x+2
=2x-3 s

for 4<x<-2

for —2<x<6.

3_
V) f)= = 8 forx > 2
x =4

= 3 R

Il
\S)

for x

2
S0

=m , forx < 2

10) (i) If f(x)= “2+Sin2x_*/§

COS X

,forx;é%,

T
is continuous at x = % then find f (5]

cos’ x—sin’*x—1
3x7+1-1

is continuous at x = 0 then find £0).

(i) Iff(x)= for x # 0,

4 447D

(1) If f(x) = (—n)

is continuous at x = 7, then find f{r) .

forx#m,

24" -8 -3 +1
11) () If f(x)= ,forx#0
) O TR 12°—4"-3"+1 ?
=k, forx=0
1s continuous at x = 0, find £.
. 57+57 -2
(1) Iff(x)= ———5—, forx#0
X
=k forx=0

is continuous at x = 0, find £.

for x < 0,at x=0.

sin2x
(1) Iff(x)= s -—a , forx>0
X
= 4for x=0
=x*+b-3 , for x<0

is continuous at x = 0, find @ and b.

(iv) For what values of a and b is the function
f(x) =ax+2b + 18 , forx<0
=x*+3a—-b , for0<x<2
= 8x -2 , for x > 2,

continuous for every x ?

(v) For what values of a and b is the function
x* -4

x—2 ’

=ax’—bx+3,for 2<x<3
=2x—a+b,for x>3

continuous for every x on R?

for x<2

J)=

12) Discuss the continuity of f on its domain,

where
S)=px+1], for—-3<x<2
=}x-35, for2<x<7 .

13) Discuss the continuity of f(x) at x = %
where,

_ (sinx+cos x) - 22
sin2x—1

7 () , forx# %

3

=—, for x=——
\/5 X

14) Determine the values of p and ¢ such that
the following function is continuous on the

entire real number line.

f)=x+1,

=xtprtq,

for 1 <x<3

for |x—2| >1.




15) Show that there is a root for the equation
2x —x—16=0 between 2 and 3.

16) Show that there is a root for the equation

x> —=3x=0 between land 2.

17) Activity : Let f{x) = ax + b (where a and b

are unknown)

=x2+5 forxeR

Find the values of a and b, so that f(x) is

continuous at x = 1. (Fig. 8.11)

Y

A

2
=x+
21 fix)y=x+5

10+

—_————————— =

v
g

Fig. 8.11

18) Activity : Suppose f(x) =px+3 fora<x<b
= 5x*—q for b<x<c

Find the condition on p, ¢, so that f(x) is
continuous on [a,c], by filling in the boxes.

Ay =]
lim f(x) =[]

x—b*

Spb+3=[ 14

LP=Tg is the required condition.

’—WL&'S Remember

Continuity at a point

A function f (x) is continuous at a point a if and

only if the following three conditions are satisfied:
(1) f(a) is defined, (2) £1_rg f(x) exists, and
(3) lim f()=f(a)

Continuity from right : A function is continuous

from right at a if xll)nal f(x)=f(a)

Continuity from left : A function is continuous
from left at b if lian fx)=f(b)
xX—>b"

Continuity over an interval :

Open Interval : A function is continuous over an
open interval if it is continuous at every point in

the interval.

Closed Interval : A function f (x) is continuous
over a closed interval [a,b] if it is continuous at
every point in (a,b),and it is continuous from

right at @ and from left at b.

Discontinuity at a point :
A function is discontinuous at a point or has a pont

of discontinuity if it is not continuous at that point

Infinite discontinuity :

An infinite discontinuity occurs at a point a if

lim f'(x) = =00 or ILIQ f(x) =00

X—>a—
Jump discontinuity :
A jump discontinuity occurs at a point ‘a’ if

lim f(x)and lim f(x) both exist, but
X—>a— xX—>a

lim f()# lim f(x)




Removable discontinuity :
A removable discontinuity occurs at a point a if

f(x) is discontinuous at a, but 1i_r)n f(x) exists and
f(a) may or may not be defined.

Intermediate Value Theorem :

Let f be continuous over a closed bounded interval

[a,b]. If z is any real number between

f(a) and f'(b), then there is a number c in [a,b]
satisfying f'(¢) = z.

MISCELLANEOUS EXERCISE-8

(I) Select the correct answer from the given

alternatives.
W rw= 2l g xe
T—=2x 7
= log2 , for x= %
(A) f'is continuous at x = %
(B) fhas a jump discontinuity at x = _n

2
(C) fhas a removable discontinuity

(D) M f(x) =2log3

N T P CLLE g W
T — 4
1S continuous at x = % , then f' (%j =
W) = ®- 4 ©-+ ol
V2 2 4 4
(sin2x)tan S5x
() If f()= - for x#0

is continuous at x = 0, then f0) is

10 10 5 5
W= B O O

2
@ fay=2"7+10 g v e [-6,-3]
x> +2x—8

(A) fis discontinuous at x = 2.
(B) fis discontinuous atx = —4.
(C) fis discontinuous at x = 0.

(D) f1is discontinuous at x =2 and x = —4.

(5) If fx)=ax>+bx+1, for|x—1|>3 and
=4x+5, for -2 <x <4

is continuous everywhere then,

A)a=—-—=,b=5 Ba=—-—=,b=-5

N | —
N | —

Ca==-,b=-5 D) a=—~,b=>5

N | =

1
2 2

(16"=1)(9"-1)

27" -1)(32" - 1)

6) f(x)= ( for x # 0

=k,

is continuous at x =0, then ‘4’ =

for x=0

© -2 o2

8 8
@3 ® 5 15 3

2" -8 -4 11

3
(7) f(X) = 4x _2x+1 +1

= k, for x=0,

is continuous at x = 0, then value of ‘%’ is

, for x#0

(A)6 (B)4 (C)(log2)(logd) (D)3log4

2" -4 -3 +1
1—cos2x

@) If f(x)= - , for x # 0 is

continuous at x = 0 then the value of £{0) is
log12

(A) (B) log2.log3

log2.log3

©) (D) None of these.




4
4+5x x,forx#Oandf(O)Zk, is
4-"Tx

©) Hfur=(

continuous at x = 0, then k is
3

(A) (B) &  (Oe? (D)e
(10)If fix) = LXJ for xe(—1,2) then f is
discontinuous at

(A)x=-1,0,1,2,

(C)x= 0,1

B) x=-1,0,1
(D) x=2
(IT) Discuss the continuity of the following

functions at the point(s) or on the interval
indicated against them.

?_3x-10
(1) f(x):L’ for3<x<6,x#5
=10, forx=5
2 _3x-10
x—5

2) fx)=2x*2x+5, for 0 <x<2

1-3x—x*
=—— for2 <x <4
1-x
x> =25
= .5 .for 4 <x < 7andx#5
=7 forx=5
3y fop o SOSAxTCosIx
® S = l—cosx > x#
68
f(()):g,atx = Oon —%Sxﬁ%
< 2
8 Foy= SHEX —_—
( 3(1-x)*°

7 sin? (mj
2

J for x=1,at x=1.

3+4cos’ (nx
2

|x+1|

_, for x #-1
2x* +x—1

() fx) =

=0 for x = -1 at x = —1.

6) f@x)=[x+1]

Where [*] is greatest integer function.

for x € [-2,2)

(7) f(x)=2x*+x+1, for|x—3]>2
= x*3, forl <x<5
(IIT) Identify discontinuities if any for the
following functions as either a jump or a

removable discontinuity on their respective
domains.

(1) fx) =x*+tx-3 ,forx € [-5-2)
=x’-5 , for x € (-2,5]

2) f(x) = x*+5x+1, for0 <x <3

=x+x+5 for 3 <x<6
x*+x+1
3) fx)=———, forx € [0,3)
x+1
3x+4
= — 5 for x € [3,6].
x_

(IV)Discuss the continuity of the following
functions at the point or on the interval
indicated against them. If the function
is discontinuous, identify the type of
discontinuity and state whether the
discontinuity is removable. If it has a
removable discontinuity, redefine the
function so that it becomes continuous.

(x+3)(x> —6x+8)

(Df) =

xP—x-12
Q) f(x)=x*+2x+5, forx < 3
=x3-2x*—-5, for x > 3




(V) Find k if following functions are continuous
at the points indicated against them.

1) f)= (5x‘8j2'“‘, forx #2

—3x
=k , for x = 2 at x = 2.
5 B 45 -9 -5 +1 " 0
() f(x)_ (kx_l)(3'c_1) ) or X?ﬁ
2
=§ , for x =0, at x =0

(VI)Find a and b if following functions are
continuous at the points or on the interval
indicated against them.

4t +5si
(D) f(x) = w,for x <0
a -1
= 2 fi =0
= log2 or x =

11x+7x.cosx
bx_l b

for x > 0.

2) fx)=ax*+bx+1, for 2x—3|>2

5

=3x+2, forl<x<—.
2 2

(VII) Find f{a), if fis continuous at x = a where,

~ 1+cos(mx)
N f)= dox)? forx # 1and
at a = 1.
(2) f(x¥)= l_z(zi[i(;):ﬂ)], forx=m at
a=m.

(VIII) Solve using intermediate value theorem.
(1) Show that 5*— 6x =0 has a root in [1, 2]
(2) Show that x* — 5x?> + 3x + 6 = 0 has at

least two real roots between x = 1 and
x=15.




