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7 LIMITS
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@é‘y Let's Study

e  Meaning — Definition of Limit
e  Calculation of various limits
e Limits of Trigonometric Functions

e Limits of Exponential and Logarithmic
Functions

e Limit at Infinity and Infinite limit

Introduction:

Calculus is an important branch of
mathematics. The concept of limit of a function
is a fundamental concept in calculus.

7.1.1 Definition of Limit:

|{¢ /\H:% Let's :Learn

7.1.1 LIMIT OFAFUNCTION :

Suppose x is a variable and a is a constant.
If x takes values closer and closer to ‘a’ but
not equal to ‘a’, then we say that x tends to a.
Symbolically it is denoted as x — a.
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You can observe that the values of x are very
near to ‘a’ but not equal to ‘a’.

When x > a and x takes values near a, for example,
1 1 1

X=a+—,Xx=a+—,x=a+— ... etc; we say that
8 4 2

X > a+ (x tends to a from larger values). When

X <a and x takes values near a, for example,
1 1

x:a——,x:a——,x:a—l ... etc. then we
2 4 8

say that x >a - (x tends to a from smaller values).

We will study functions of x, a real variable, and
a, b, cetc will denote constants. x — a implies that
X takes values as near a as possible. So in this case

we have to consider x going nearer a from either

; 1
S|de.So,x:a—%,a+ l,a——,a+

1
4 2 2 T
We will illustrate with an example.
Consider the function f(x) = x + 3

Take the value of x very close to 3 but not equal
to 3.

The following table shows that as x gets nearer to
3, the corresponding values of f(x) also get nearer
to 6.

Q)
x approaches to 3 from left
X 2.5 2.6 2.9 2.99
f(x) 55 5.6 5.9 5.99
)
x approaches to 3 from right
X 3.6 3.5 3.1 3.01
f(x) | 6.6 6.5 6.1 6.01

From the table we see that as x — 3 from either
side, f(x) — 6.

This idea can be expressed by saying that the
limiting value of f(x) is 6 when x approaches 3,
at x = 3, which is the limiting value of f(x) as
X—3

Observe that if P(x) is a polynomical in x, then
!gral P(x) = P(a), for any constant ‘a’.

We are going to study the limit of a rational
P(x)

function f(x) =
¥ O(x)

as X > a.

Here P(x) and Q(x) are polynomials in x.




We get three different cases.
(1) Q@) =0,
(2) Q@) =0and P(a) =0
(3) Q@ =0andP(a) =0
In case (1) the limit of f(x) as x — a is
=a O(x)  Q(a)

In Case (2) (x — a) is a factor of P(x) as
well as Q(x). So we expresse P(x) and Q(x) as

P0) = (x - 2)P,(x) and Q(x) = (x - A)Q,(x)
_P) _ (x-ay R()
0(x) (x-ayQ ()

_P(x) P
If r = s then hmﬁ _ h@

=0 O(x) — Qy(a)

Now

(x-a#0)

. P
If r > s then }Clm ——= =0

»a O(x)

If r <s then we proceed to case (3).
In case (3), if Q(a) =0and P(a) # 0

lim @ does not exist.

x—a Q(X)
7.1.2 Definition of Limit :

We need to confirm that f(x) is very near to
| (or as near as expected). This is expressed by
[f(x)—1| < e forany € > 0. Here € can be arbitrarily
small to ensure that f(x) is very near I. If this
condition is satisfied for all x near enough, then
we can say that f (xX) »> | asx — a, the fact that x is
near enough a is expressed by 0 < |x—a| < & where
0 > 0. This 6 can be very small and depends upon
f(x) and €.

Hence the Definition

If given € > 0 there exists 0 > 0 such that
[f(x) = 1 |< € for all |x —a |< J, then we say
that f(x) > l as x — a.

(SOLVED EXAMPLES)

Strategy : Steps for verifying the € - ¢ definition.

Consider € > 0 given, substitute the values of f(x)
and | in [f(x) — I|< € and proceed to find the value
of 6. We may have to manipulate the inequalities.

Ex. 1. Consider the example f(x) = 3x + 1, take
a=0andl=1

We want to find some J > 0 such that,
0 <|x —0J< 6 impies that, |(3x + 1)- 1| <e

if 3| <e i.e. if 3 <e i.e.if|x|<§

So, we can choose 6= <
(If fact any o6 < % will do.)
L0<x=0[<d = [f(X)-l< e

© lim (3x+1)=1

Fig. 7.2

Ex. 2. f(x) = x?
Heretakea=3and =9
We want to find some 6 > 0 such that
0 <|x—3|<dimplies [xX*-9|< €
i.e.3-0<x<3+8 = |x¥*-9< e

0 can be chosen as small as we like
and take 0 <1




Then, 3 -6<x<3+06 =2<x<4 or
5<x+3<7

We want |(x +3) (x-3)| < e
But|(x+3)(x=3)|<7|x-3|
So7|(x-3)|<e=|x*-9|< e
1f5:§,|(x—3)|<5:>|x2—9|< =
So we choose 6 = min {;,1}

then |(x-3)|<d=|f(X)-9|< e

* Note that, we want to get rid of factor
[x + 3| Hence we have to get its lower bound.

Ex. 3. f(x) =[x], 2 < x< 4 where [X] is a greatest
integer function.

We have seen the f(x) = [x],2 <x <4

Note that
[x]=2for2<x<3
=3for3<x<4

Let us study the limits of f(x) as x > 3 and
X> 2.7
lim f(x) = 3,

x—3"

But for x < 3, f(x) = 2. So, lim f(x) = 2.

If we take | = 3, then for € = % and any ¢ >0
3_5<x<3=fx)=2and[f(X)-1[=1< e
If we take | =2, then 3<x <3 +J = f(x) = 3,
) -2[=1< e

1X1£r31 f(x) does not exist.

Consider m f(x)

Consider a = 2.7 We see that for 2 < x < 3,
f(x) = 2.

If we choose 6 = 0.3,
then2<27-0<27<27+56<3

and f(x) = 2 is a constant.
S lim f(x) =2

x—2.7

From the above example we notice that the
limits of f(x) as x — a* or a can be different. This
induces us to define the following.

7.1.3 One Sided Limit: IM f(x) and 1M f(x);
if they exist are called one sided limits.

7.1.4 Left hand Limit: If given € > 0, there
exists & > 0 such that for |f(x) — ] < € for all
x with a—0 < x< a then

lim f(x) =I

x—a

7.1.5 Right hand Limit : If given €> 0 there
exists 0 > 0 such that for |f(x) — [| <e for all
xwitha <x <a+ J then

lim f(x) =1

x—a*

7.1.6 Existence of a limit of a function at a
point x = a

If lim f(x) =}Lr:‘1 f(x) = I, then limit of the
functiorjlc?a(x) as x > a exists and its value is I.
And if lim f(x) # lim f(x) then }Clir; f(x) does
not existx.% o

Example:

Find left hand limit and right hand limit for the
following function.

3x+1
f(x)=
7x* =3

if x<1

if x>1
Solution : Right hand limit, lxiillq f(x), forx>1
ie. ll_rjl f(x) = 1X1£111 (7x*-3) =4
Left hand limit, lim f(x), for x < 1:
lim f(;;lz lim (3x+1)=4

Since left and right-hand limits are equal, the
two-sided limit is defined, and lirrll f(x) = 4.

Note : M f(x) means M f(x) = }Lm f(x)

x—a x—a




7.1.7 ALGEBRA OF LIMITS:
It is easy to verify the following.
Let f(x) and g(x) be two functions such that
liin f(x) =land liin g(x) =m, then
1. lim [f(X) £ g(X)] = lim f(x) £ lim g(X)
=|l+m
2. lim [f(X) x g(X)] = lim f(x) x lim g(x)
=|xm
3. lim [Kf(X)]= =k x lim f(x) = kI, where ‘k’

is a constant

lim f(x)
foo _ S =— wherem=0

4.  lim =
limg(x) m

x—a g(X)
Note:

1) limk =k, where k is a constant

xX—a

2) limx=a

xX—a

3) limx"=a"

X—a

4) lim&/x =¥a

5) If p(x) is a polynomial,
then lim p(x) = p(a)

While evaluating limits, we must always
check whether the denominator tends to zero, and
if it does, then whether the numerator also tends
to zero. In case both tend to zero we have to study
the function in detail.

( SOLVED EXAMPLES)

(n(n +D2n+ 1))
6

Ex.1: hm(iﬂj lnligl
r=1

n—3

3)x(3+1)x(6+1)

B)x(B+1)x(6+1)
6
3x4x7
6
14

Ex.2: lyllrzl [(y?2=3)(y + 2)]
= lim [(y* - 3) [y + 2]
=(22-3)(2+2)=(8-3)(4)=5%x4=20

W—Jﬂ}

X

Ex. 3: ﬁm(

X—3

im (6 ) tim {7 ~x)

= X3
lim(x)

X—3

[Asx =1, x-1#0]




Ex. 5 : Discuss the limit of the following function
as x tends to 3 if

X*+x+1, 2<x<3
f(x) =

2X+1, 3<x<4

Solution: As f(X) is defined seperately for x < 3
and x > 3, we have to find left hand limit (when X
< 3) and right hand limit (when x > 3) to discuss
the existance of limit of f(x) as x—3.

For the interval 2 <x <3;f(X) =x*+x +1
Solim f(X) = lim (X2 +x+1)=(3)2+3+1
X—3" X—3"
=9+3+1=13 - 0]

Similarly for the interval 3 < x < 4;
fx)=2x+1

lim f(x) = lim (2x+1)=(2x3)+1
x—3" x—3"
=6+1=7 - ()}
From (1) and (II), lim f(x) = lim f(x)
X—3" x—3"

. lim f(x) does not exist.
X—3

Ex. 6 : For agiven € > 0, find & > 0 such that
whenever |x —a| < 8, we have [f(X) — l] < € so that
lim (4x +3)=7
We want to find & so that
lim (4x +3)=7

Solution

Herea=1,1=7and f(x) =4x + 3
Consider e >0 and [f(x) - || < e
(4x+3) -7 <e
if|(4x-4) < e
Le.if [4(x-1)<e
e if [x—1/< %
We can have & < % so that |[(x — 1) < &

=fx) -7 <e

77.1.8 Theorem: Prove that

xn_an n—1
=na whereneN, a>0

lim

x—a X —0a

Proof : We know, a"—b"=(a—b)(@*+a"%b +
a"3p?+ ... +b"*) forn e N.

. (X" =a"
lim =
X—a x — a

lim [(x—a)()c”1 X" a+x"d 4 +a”1)J

x—a
= Mmooty ynzg 4 x3a2 4 vary)

for [x — a #0]
= a"'+afa+ara’+ .. +at
= amt+art+art+ .. +avt(nterms)
= na™t

Note : The above limit can also be found by using
the substitution x —a = h.

X—a=h..x=a+hand x—»>a= h—0. Use
binomial theorem to expand (a + h)", simplify
and apply the limit to get the result

n n
.| X" =a 4
lim =na"
X—>a x—a

Verify : If n <0 say n =—m then

. n n . -m __-m
lim (X —a | lim | X a
xX—a - X—a

xX—a X—a

=—-ma™™!

Note : The above theorem can also be verified if

n is a fraction say n = 2 \where g=0. Then
q

. n n . q
lim | ¥ =@ | lim | X =d | _ P .4
x—a — x>a -




( SOLVED EXAMPLESj

i [ X625
Ex. 1 : Evaluate ;53 X—5

g [ X 2625) (x-S
Solution : ;'3 X—5 |~ s X—5

= 4(125) = 500

. 7
Ex. 2 : Evaluate lxl_rle X 128
X =32

. 7 _ . X7 _27
Solution : LILI} (X 128J = LILI} (—j

X =32 X' -2°

x' =27
_ lim| x-2
x> =23
X—2
. [As x—>2,x -2 0]
7(2)°
5(2)*

n n
. x - a -1
[ lim =na" }
X—>a x —_— a

If lim[x 1 } =48 and neN, find n.

x—4 X —

Ex. 3:

Solution : Given lim[x —4 }: 48

4| x—
- n(4)r =48

son(d)t = 3(4)%
..n=3

.... by comparing

x—1

2Xx-2
Ex. 4 : Evaluate lim| ——
{\3/26+ X —3}
Solution: Put 26 + x =13, . x =t3- 26
Asx>1,t>3

fim | X222
oot |26+ x-3

| 2(13—26)—2
= lm | T S

20

-3

=2 x 3(3)%*
=54

( EXERCISE 7.1)

Q.I Evaluate the following limits :

L \/m}

lim
z—>-3 Z

, hm'y5+243
S|y 427

=51 Z+5

Q.IT Evaluate the following limits :

o

X

1. =lim

X—3




X—2 X—=2

X —125
os| X —3125

4 3 3
4. 1f tim| =1 | = fim| =22 |
x—1 X—l x—a xX—a

find all possible values of a.

Q.III Evaluate the following limits :

lim
x—1 X — 1

(Vx =37 ) (¥x+37)

2. lim
x—7 X—7
xt =5t
3. If lim =500, find all possible
x5 x=5
values of k.
(1-x)" =1
4, lim%
x—>0_(1_x) -1
) _\3/1+x—\/1+x}
5 lim| ————
Xx—0 X
6. lim£
Vﬁ1_37+y—2
i 3 3
+2)2—(a+2)?
| G2 (ar2)
zZ—a Z—a
g hm'x3—343
x—>7_\/;_\/7
3 5 2n-1
o lim X+X +xX +...+Xx nj
x—1 x_l

Q.1V In the following examples, given € > 0,
find a & > 0 such that whenever, | x-a | < 3, we
must have |f(x)-l1< e

1. £if)r21(2X+3)=7 2. lirg(3x+2):—7

3. Lm(x*-1)=3

X—2

4. lil’Ill(Xz +X+1)=3

7.2 METHOD OF FACTORIZATION:

P(x) and Q(x) are polynomials in x such that

P .
10 = 29 Wwe consider M fx).

-0
Let’s check }}E} Q(x) and EE} P(x).

1) If imQ(X)=m =0

then lim f(x)=lim [@}

x—a m

2) If IM o(x) =0, then (x — &) divides Q(x). In
such a case if (x — a) does not divide P(x) then
!}in f(x) does not exist.
(3) Further if }gr; P(x) is also 0, then (x — a) is a
factor of both P(x) and Q(x).
) .| P(x)/(x—a)

So lim f(x) = im {—}

0 M 1(X) = 50 | 0/ (x—a)

Factorization of polynomials is a useful tool
to determine the limits of rational algebraic
expressions.

(SOLVED EXAMPLES)

| 2(22-3)-9
Ex.1: Evaluate lim| —5———
>3 77 —-47+3

Solution: If we substitute z = 3 in numerator
and denominator,




we get z(2z-3)-9=0and 22— 4z+3=0

So (z-23) is a factor in the numerator and
denominator.

1im{—z(2z_3)_9} - lim{w}

53| 27 —47+3 23| 27 —47+3

im_(z—3)(2z +3)
b @_3xz_n}

lim _w}

3| (z-1)

..JAsz—3,2-3=0]
2(3)+3
3-1

o
2

(x> —8x* +16x)°

Ex.2: Evaluate lim T

x> (x2 —x—12)

219
- [x(x—4)}
Solution: lim (x—4)18 (X+3)18

B AV o
:hm (X 4) X :l

=4 (x=4)" (x+3)"

-
_ lim| ———
=4 (x+3)

..[As x—4,x -4 #0]

49
=7
[ 2
Ex.3: Evaluate lim| ——+——
-l X—1 1-x

Solution : lim 1 2 }

XS (=0 (x+1)

|
g

lim_;
= otf (x+1)

~.JAsS x—>1,x—1=0]

N | =

3 2
Ex.4:Evaluate lirn{X X 5X+3}

x—1 )(2 -1
Solution : In this case (x — 1) is a factor of the
numerator and denominator.

To find another factor we use synthetic division.
Numerator: x3+ x*-5x + 3

1(1 1 ) 3
2 —
1 2 -3 0

S+ X2 =5x+ 3= (x=1)(x* + 2x =3)

Denominator: x> — 1 = (x + 1)(x -1)

. [x3+x2—5x+3}
lim

x> —1

x—1

Xx—1

(x+1)(x-1)

{x2+2x—3
X+1

_ liH{(x—l)(x2 +2x—3)]

} [Asx—>1,x-1=0]




. _ 32 1
Ex.5:Evaluate 1}33 [1#
X

Solution : Put 3/x2+1 =t, x*+1=1%

LXe=t1-1, as x—0, t—>1

lim | 1-3/x>+1| _ [(1 t)j
o0 | T | T birr t -1

L (=Dt +t+1)

[Asto1,t—10]

} -1
= lim >

Hl(t +t+1j
I S |
T o1+1+1 3

(EXERCBE?ZJ

Q.I Evaluate the following limits :

2_
] hm[%m}
72 7 —4
X+3
2.
X—>3|:X +4x+3}

{5y3+8y }
3. 7
HO 3yt —16y°

{ - }
4. lim
X—>— X

2 J—
c 1ng[x +2X 15}

x> —5X+6

|

Q.11 Evaluate the following limits :

L
L lim|% 1}

u—l1 u3 _1

2. lim| —— -
-3 Xx-3 x —-27

3 2
3 lim w}
X—>2 X° =1

[ (x+axy —2(x+AX)+1—(x* —2x+1)
4 A1>1<I—l;}) AX

. | x2+x\/§—4}
5. hm _—

Xﬂﬁ_xz—Sx\/E+4

X —TX+6
lim
x>2| X —Tx* +16X—12

1S

Q.IIT Evaluate the Following limits :

1 _qQy3
1. 1im18y}

iy -4y’
[ x=2 1
2. lim -
x-1| x> —X x3—3x2+2x}

—3x2+2
x> X3=5x2+3x+1

X+2 X—4
2 + 2
o1 X =5x+4 - 3(X* =3x+2)

5 lim ! + ! }
« xoa| x2-3ax+2a* 2x*-3ax+a?




7.3 METHOD OF RATIONALIZATION:

If the function in the limit involves a square
root or atrigonometric function, it may be possible
to simplify the expression by multiplying and
dividing by its rationalizing factor.

( SOLVED EXAMPLES)

Jx-1
X

Ex. 1. Evaluate : lgr({

= lim
x—0 X

\/1+x—1X\/1+x+1J

JI+x+1
1+x-1

. X
= lim

1
= lim| ————
0 m+lj ...[AS X—)O,X?EO]

RS
11041 2

1 1

Ex. 2. Evaluate lim (b+2)2 _(b_z)2

z—0 z

1 1
Solution : Iim (b+2)2 _(b_z)2

z—0 z

z—0 z

= lin{\/b:_\/b:}

X
z \/b+z+\/b—z

z—0

_ hm{\/b+z—\/b—z \/b+z +\/b—z:|

. _(b+z)—(b—z) 1
= lim X

=0 z Nb+z+b-z
= lim_gx 1 }
0z Jb+z+b-z
T } ASZ-50,2%0
= M b ..[As z—0, z=0]
a 2

Jb+0++b-0
B 2

2/b
_ 1

Jb
£ 3. Evaluat lim( X* +X—20 J
X. 9. Bvaluate

ot (x? =7 25— X2

Soluti lim( X +X—20 J
olution @
o X2 —7 25— %

N +\/25—x2]

fim x> +x—20 y
4 X =T =A25-x =T +425- X2

(x—4)(x+5)(\/x2—7 +\/25—x2)

x4 X' —=7-25+x%

(x—4)(x+5)(\/x2 -7 +\/25—x2)
ot 2(X* -16)

(x—4)(x+5)(\/x2 -7 +\/25—x2)
oot 2(x—4)(x+4)




lim
X—4

(x+5)(\/x2—7+\/25—x2)

2(x+4)

.JAs x—4, x — 4 = 0]

2(4+4)

( EXERCISE 7.3 J

2(8)

Q.I Evaluate the following limits :
L lim V6+x+x2 -6
X—0 X
5[ V2X+3 X3
hn} 5
X— i X° =9
3 lim \/l—yz —\/1+ y’
y—0 i y2
4 lim_\/2+x —V6—X
X—2 \/; _\/5
Q.II Evaluate the following limits :
a| JBa+x—2x
_ , -
2. lim| —2 "4
2| x+2—/3x-2 |

_\/1+M—\/§_
X—2

ey - a

yya+y

(4+5)(V# —7+\/25—42) 0By 27

8

> T By r 42X 14

. { I +9—2x +9 ]
_lim

Q.IIT Evaluate the Following limits :

[ exdx =2
1- hm _—
x—1 X—1

_\/1+x2 —JI+X
“"_\/l+x3 —J1+X

3 lim_ x> +X-20
o3| f3x+4 -4
C[3-5+z

4 hm —_—
24 1-45-12

3 1
x—0 X‘,9—X Xj

7.4 LIMIT OFATRIGONOMETRIC
FUNCTION :

Let’s Learn :
To evaluate the limits involving trigonometric

functions, we state -

1) lim sinx = sina

xX—a

2) lim cosx = cosa
xX—a
Using these results and trigonometric identities,
we solve some examples.

Evaluation of limits can be done by the
method of Factorization, Rationalization or
Simplification as the case may be. While solving
examples based on trigonometric functions we
can use trigonometric identities.

Squeeze theorem (Also known as Sandwich
theorem)




Suppose f(x), g(x) and h(x) are given
functions such that f(x) < g(x) < h(x) for all x in
an open interval about a.

Suppose hfj f(x) =L and hin h(x) =L
So, 1M f(x) < 1M g(x) < 1M nx)
= L<imgey<L - Mg =L

sin@

7.4.2 Theorem : 19128
measured in radian.

= 1; where 0 is

Proof : First consider the case when 0 is
tending to zero through positive values.

We maytake0<6<%.

Draw a standard circle with radius r i.e.
circles with centre at origin O and radius r.

Let A be the point of intersection of the
circle and the X-axis. Take point P on the circle
such that m£ZAOP =6

Draw PM L OX. Draw a line through A
parallel to Y-axis to meet OP extended at B
(fig. 7.2)

Area of AOAP < Area of sector OAP < Area
of AOAB

- Loapm<lro<loaos .. 0
2 2 2
Y
B
P
o i
0 M A X

In AOAP,
sin@ = L
oP
PM =OPsin6
=rsin®
Also, in AOAB
tan® = AB
OA
AB = OAtan 0
=rtan 0

using these in (), we get

l r.r.sin 0 < l e < l r.rtan 0
2 2 2

0
i.e. 1<—<

- 1, .
<ind 050 [Divide by Er sin 0]

in0
1> Sy > cos 0
0
. sinf
1.e. COS O < T <1

Taking limitas 6 — 0*

11m cos 0 < hm sin6 < lim |
0 00"

. sin@
1< lim — <
00" 9
By using squeeze theorem

sinf

lim — = ()

0—0 0

Now suppose 6—0 through negative values
Let 0 =— ¢ where ¢ > 0. Alsoas 6 — 0, $—0

. lim sinf lim sin(—¢)
60—0 0 ¢~)0+ _¢

Sln
lim —50¢ _ jim S0 _

0" _¢ $—0" d)




. lim sin@ _
c 00" 9

1 e (100

. ] 0
- from (1) and (111), Lim % =1

Note:

Corollary 1: lim| —
0-0\ sin 6

0—0

Corollary 3 : lim

. (tan@
Corollary 2 : lim =1
0-0 tan@j

: in po
Corollary 4 : hm[Sln P jzl , (p constant.)

00 pQ
T tan po 1
Corollary 5 : }m 00 ) (p constant.)
i po 1
Corollary 6 : }m sinpd | , (p constant.)
tim| —P9_ |-
Corollary 7 : }m @npo) (p constant.)

E SOLVED EXAMPLES)

Ex. 1) If3x*+2<f(x)<5x?-6forall x e R,

then find 1M f(x).

X—>-2
Solution : Let g(x) = 3x*+ 2 and h(x) =5x>—6
So, we have g(x) < f(x) < h(x)
Taking as limit x— —2 throughout we
get

lim g(x) < lim f(x) < lim h(x)

X—-2 - X>-2 X—-2

lim (3x2+2) < lim f(x) < lim (5x— 6)

X—>—2 X—>—2 X—>—2

3(-2)2+2< limfyy <5(-2)2-6

X—>-2

14 < limfyy <14

- X->-2

im ) = 14 ... [By squeeze

X—>-2

theorem]

: tx—1
Ex. 2 : Evaluate : hnnl (co—zj
x> cosec X —2

; cotXx—1
Solution : hng ——
>\ cosec X —2

) cotXx—1
lim ———
= X_% cot" X+1-2

. cotx—1
lim —
= X_% cot” x—1

lim cotXx—1
= ok (cotx+1)(cotx—1)

..... [As x %cotx—l;tO]

1 1
cot(n}tl I+l
4
-1
2
) V3—-sinx -2
Ex. 3) Evaluate ; 1M | —————
x> cos” X
) V3-sinXx -2
Solution : llm | ——————
X_%” cos” X
~ lim \/3—sinx—2x\/3—sinx+2
. cos® X J3-sinx+2
3—sinX—4

2| cos® X(\/S—sin X +2)

—1—sin X

37| 1 —gin? X(x/3—sin X +2)

—(1+sin X)

x»%” (1—sinx)(1+sin X)(\/3—sin X +2)

..... AS X—, 3_2“ sin x — —1 and 1+sinx #0




T(e(\Bri+2) 8

. | sin76
Ex. 4. Evaluate : 1}1{)%
. . | sin70
Solution : lim
00 9

) inQ
Ex. 5. Evaluate : llm[ Siex }

x—0

Solution : lim[

x—0

Sin8x }
tandx

Divide Numerator and Denominator by x

Sin8x

m X
x—0| tandx

1x8&
= — :2 (...aSX—>O,8X—>O,4X_’0)
1x4

e[ sinpo ) lim(wjzl
EI,%( p6 j_l AL

{ 2sinx - sian—‘

Ex. 6. Evaluate : lim

x—0 3

X

. .| 2sinx —sin2x
Solution : lim| —————
x—0 X
.| 2sinx —2sinx.cosx
= lim .
x—0 L X

[ 2sinx(1- cosx) }

x—0 x_x2
2sinx | .. | (1—cosx)
xlim| ~———
x—=0 X x—0 X

=2x lim‘:%} % 1im|:(1 —COSX) y 1+ COS)C)}

x—0 2

X (1+ cosx)

_ 2
:2x1xlin{(l cosx) 1 }

x>0 x? (1+ cosx)

= 2 xlim

x—0 x2

i (sin’x) lim 1
0| (14 cosx)

= 2 xlim S’”"}
x—0 an (1+COSO)

=z<1>2><$ |

X6

x—0

.| sinX*(1-cos X*)
Ex. 7. Evaluate : lIm

{sin x*(1-cos Xz)}




_ hm_sinxz(l—ﬁcosxz)X1+cosxz} Sin(ﬂx) sin(nXJ
L X Itcosx = 2lim| __\45) [x Zx1im| __\180) |x
- . L x—0 LX x—0 LX
_ lim sin X" (1 —cos” X )>< 1 45 180
X0 x° 1+cos x* 00
- - _ L T | lim| SR
e sin X2_sin? ¥ ) 1 = 2><(1)><45X(1)><180 ...... |: 1915)%( 00 ]—l}
x—0 x° 1+ cos X*
L 2
- = -2x4x id X id :—8( dd
= lim 3 >
x—0 (XZ) 1+ cos X - limtanx—sinx
L Activity-1 320 G x
sinx? | '
— lim x lim ) . tanX—sin X
x290|: X } HO(lJrcos ij Solution : yg& sin® X
..... [As x— 0, x*— 0]
3 q 1 1 lim sinXxl—sinX
= (1 = = — = x>0
(1) l+cosO0 1+1 2 sin® x
. sin 6 _ _ 2 1
..... {1913%( 5 ]_1,here 0=x } sinx( —I:D
= lim CoS X
x>0 sin® X
. [ cos5x° —cos3x° _
Ex. 8. Evaluate : im 2 . [ (d=cosx) 1
x>0 X — lim X——
x>0 cosX sin” X
) lim cos5X° —cos3x° a 1
Solution : 1M -z lim (1—cos X)><
=x0] cosx  1-[]
_ lim(—2sin4>§° sinx"J _ "m_(l—cosx)>< 1
x>0 X 0| cosx  (O)(1+cosx)
e o [ 1
— 2lim sin 4x , SinX _ hn8 X
x—0 X X x>0| cosX (l1+cosX)
1 1
sind| ZX | sin| 2X = X
_ 180 180 costl (1+cosD)
=— 2lim X
X—0 X X 1 1




Q.I Evaluate the following limits :

1. lim
0—-0
2. lim
0—0
3.l
4. lim

x—0

Q.II1 Evaluate the Following limits :

m[ 1—cos(nx) }
1—cos(mx)

1. &

x—0

2. lim
v

X—>=

6

3. lim
v

X—>=
I

Q.III Evaluate the following limits :

1. lim
x—0

2. lim

X—>1

ks
6

( EXERCISE 7.4)

| sin(m0)

| tan(n0)

[ 1—cos26
02

[ X.tanx |

| 1—cosX |

secX—1

X2

[ 2 —cosecx
| cot’x—3

COS2X

[ cosX —sinX }

[ cos (ax)—cos(bx) :I

cos(ex)—1

_\/l—cosx —\/5}

sin’x

i tan’x — cotzx}

’; secX —cosecxX

2sin’X +sinx —1
i 2sin’X — 3sinx +1

Activity-1:

lim 1Z00SPX _ 1
X—0 x2 2 p

Consider,

lim 1—cos px

x—0 x2
_lim2[ ]
X—0 X2

Use 1-cos A = 2sinz A

2
2
— lim 2.
x—0 X
x 2
sinp—
_lim 2| — 2«0
X—0 E
2
x 2
Slnp— 2
_ lim 2| — 2 (p_
X—0 E 4
2
=2 12 p—2 .. Iim Sin0—1
- ( ) 4 * x>0 9 -

=[]

lim 1ZC0spx 1
X—0 )C2 2 p

7.5 Substitution Method :

We will consider examples of trigonometric

functions in which x—a where generally a takes
T T T T

the values such as r, 5345 etc. In such

a case we put x — a =t so that as x—a, t—o0.




( SOLVED EXAMPLE j

=-2lim sin(a+£j lim [M} (lj
=0 2 )| 0 t/2 2

. 1 sinf
. CoS X = -2sin(a+0).(1) = .... | - lim =1
Ex. 1. Evaluate hnﬂl - ( () 2 { 9*0[ 0 j }
XA)E X_i
2 = —sina
Solution:Putx—Tzc—:t .'.x:g—+t

lim 1+cosm X
AS X 72t_ 150, Ex. 3. Evaluate ., (1—X)2

T .
CcoS| —+1¢ Solution : Putl1-x =t .. x=1-t;
) COS X . 2
lim = lim As x—1, t—0.
rF T t—0 t
2| x——
2

Ex. 2. Evaluate !}Ej

Solution : Putx—a=t

.| cosx—cosa
lim | ——
xX—a x —_ a

—2sin (

COSx—Cosa
xX—a

=lim
t—0

2a+t

|

j.

LX=a+t
As Xx—a, t—0.

cos(a+t)—cosa

t

.t
sin —
2

_lim
— >0

— 21,1301 [—sm(

2
t

t
a+—|.
2)

sin(¢/2) }

t

|

{Hcosnx} i [1+cos[72r(1—t)]}

(1-x)° -0 ¢

i {1+cos(n—m)}

(1-x)*

. [l—cosﬂ}
Iim|——

2sin’ (ﬂtj
2
t2

lim
t—0
- 12
) [ntj
Sin 7
_2lim
- t50 t
[ (ﬂtj_z
sin| — 2
. 2 T
_2lim (—J
= t>0 7t 2
- 2 -
5 .
o | e tim [ SRR
- 4 60 PO
TEZ




_ 4 1 . tan0
lim {M} = —(l)x— ....... { lim an :1]
Ex. 4. Evaluate xot m—3X 3 (1+\/§tan 0) 60 0
i s _4
Solution:Putg—X=t, .'.X=§—t, -3
As X — % t—>0
( EXERCISE 7.5)
i 3—tanX | lim N3-tan I) Evaluate the following
3 3
cosecx—1
lim ﬁ
1) | (7
’ (2 )
= llim \/g—tan(n—tj
3 t=0 3
t 5 Iimsinx—sina
)
tan(r /3) —tant
1. | 3= J5 -2
= 21m 7 1 tan( /3) tant g lim | VRIS
i X—71 (7I'—X)
) coS X—+/3 sin X
g m 6
. B J3 —tant % T —0X
= g{‘fg 1+\/§tant
t . [l—x2 }
5) lim|—
x> sin X
1 3 +3tant —+/3 + tant II) Evaluate the following
= —1i
3t1—r>r01 1+\/§tant - _2SiIlX—1
t 1) 7| m-6x
s L
_ Ly (ﬂ} lim V2 —cos x—sin x
3 o0 t(1+\/§tant) 2) ot (4)(_71)2
B ﬂlim(tant)lim 1 lim 2 /3 cos X —sin X
300t 00| (1443 tant) 9 x| (6x-n)




sin(\/;)—sin(\/;)

4) lim —a
i COS3X +3C0S X
lim .

76 LIMITS OF EXPONENTIAL AND
LOGARITHMIC FUNCTIONS :

| g Ef% Let's :Learn

We use the following results without proof.

. (e -1
1) 1{1{)13( . ]zlogezl

2) lim[ax_lj =loga (a>0,a=0)

x—0 X

3) lim[l+x]§ =e

(log(1+x) |
o )
px
5) lim| ¢ ! =1, (p constant)
x—0 px
lim| <=L |~ loga
6) m = ga  (p constant)

7 lim[log (1+ px)
x—0 px

j =1, (p constant)

il
8) £ig(}(1+PX)Px =e, (p constant)

E’SOLVED EXAMPLEsj

Ex. 1. Evaluate : lim[5 - _1}
x=0|  sinX

Solution : lin{5 _1}

x=0| sinX
Divide Numerator and Denominator by x

5¢-1

1m .X
x=0| SInX

. { 1im(5m9j :l,lim(a _1J :loga}
00 (] x—0 x

(logb)

Ex. 2. Evaluate : lim{5 -3 }

x—0

Solution : Given lim[5 -3 }

Xx—0 X

_ 1Xig(}:sx_1;3x”}

- (5*—1);(3&1)]

B Gl B )




= logs-1log3 .. lim{a lj:loga

o)

1

i 5X |x
Ex. 3. Evaluate : 1(1{)18 1+Z

1

) 5X |x
Solution : !(I_I)I(} 1+?

Ex. 4. Evaluate : lim 3X+2 P
x=0| 2—5X

1 1

. lim 3X+2 g—hm 2+3X |3x
Solution: ‘N 7_5x x>0 2 —5X

W |-

=lim

x—0 1
-3
2

Ex. 5. Evaluate : lim{

x—0

log4+10g(0.25+ X)}
X

Solution : lim[

x—0

log4+10g(0.25+ X)}
X

hn{log[4(0.25 + x)]}

x—0 X

] et

x—0 X

Ax lin{lOg(l +4X)}
X—0 4X

=4(1) ..... { lim {M} _ 1}
x—0 px

. [P +e™ =2
EX. 6. Evaluate : Im| ——
x=0 xsinx

Solution :
‘ 62" " 672)‘ _2 ‘ er (er + e—2x _ 2)
lim| —— |=1lim ——
x=0 xsin x x>0 e xsmx




e**xsin x

_lim[(ezx)z —0e* +1J

= lim| ————x—
=0 xsmx e

(ezx_l)z 1 ]

(ezx _1)2

2
]
x—>0| xsinx ¥

2
X

..[As x—0, x # 0, x30]

2x 1 2
. e —
lim x4
x—=0 2x . 1
= - x lim o
. sin x x>0 o

hm( j
x—0 X

e
2 e .
Ox4 1 [ lim &L =1, 1jm 20 :1}
x>0 kx 00 9

21¥ =7 3 +1]

Ex. 7. Evaluate : lxl_{%( xlog(l+ X)

Solution : lim(21 —7 -3 +1j

-0l Xlog(1+X)

N A Ly A N |
= lim
x>0 xlog(1+ X)

7*(3*1)(3*1)}

=lim

X0 xlog(1+ x)

_%{(3*-1)(7“1)1

Xlog(1+ x)

(3 -1)(7-1)

2
_1; x
B !g% xlog(1+ x)

2
X

o [As x = 0,x° #0]

-1 7" -1
X

il X x
=l g %)

X

_log3.log7

1

¥ — log(1+

{ lim < 1:loga,limuzl}
x—0 X x—0 X

=log3.log7

Activity-3

.| 84" =2"+1
Evaluate : llm| ——————

x—0 X

[(4x0) — 4 =2"+1]

2

=lim
x—0 X

_(4Xxm)x—4X—2X+1_

=lim >

x—0 X

_lim {4"(5—1) 2 —1)}

x—0

X

TRCENE

x—0 X

= lim @-n _D} x lim{—mx _D}

x—0 X x—0 X




Activity-4:
. [e"—sinx—1]
Evaluate ; llm| ———
x—0 X
_jim| (=D =0
x—0 X
. [ sinx]
=lim| &=—
el x O

. [ol .. [sinx
= hm{—} —lim }
Xx—0 X X—0 X

( EXERCISE 7.6 J

Q.1  Evaluate the following limits :

1) lim 9‘5}

x—)O_ 4X_1
2 tim 544342 —1}
X—0 X

3) lim

x>0 sin x

. [6X+5X+4X—3“1j
4) lim

x—0

sin X

1‘ Ssinx _ 2tanx
5) xli;r(} er _1

Q.11 Evaluate the following limits :

D lim u}
x=0 X.tanX

1

2 fim 3+ x}x

x—>0_3_x
— 2
3) lim S5X+3 |x
) x—)0_3_2x
log(3—x)—log(3+ X
4) lin{ Og( ) og( )}
X—> X

1
4x+1 |x
lim
5) H0[1—4x}

1

6) lim[5+7x}3x

x>0| 5-3X

Q.11 Evaluate the following limits :

1) lim| —2 =%
0| sin (4x) —sin(2x)

oy

2) lim .
x-0| (3" —1).sinxlog(1+ X)
. '15X—5x_3x+1}
3) lim ;
X—0 i X . sinX
(25) -2(5) +1
4)  lim (25) ( ) }
x—0 X . Sinx
[ (49)* = 2(35)" +(25)"
5) lim ( ). ( ) ( )
x—0 sin X.log(1+ 2X)




7.7 LIMIT AT INFINITY :
(FUNCTIONTENDINGTOINFINITY)

|§ E‘% Let's :Learn

7.7.1 Limit at infinity :

Let us consider the function f(x)= 1
X

Observe that as x approaches to oo or —o the value
of f(x) is shown below,

i) Observe the following table for f(x)= 1
X

x | 1]10| 100 | 1000
f(x) 1 01 001 0.001

10000
0.0001

100000
0.00001

We see that as x assumes larger and larger

1

values, = assumes the value nearer and nearer
X

to zero.

liml =0
x> X
Definition : A function f is said to tend to limit ‘I’
as X tends to oo if for given € > 0, there exists a
positive number M such that [f(x) = I| < €, V X in
the domain of f for which x > M

o lim f(x) =1

ii) Observe the following table for f(x)= 1
X

X -1|-10 | -100 | -1000 | -10000 | -100000 | ...
f(x) [-1/-0.1|-0.01|-0.001 -0.0001 -0.00001...

We see that as x assumes values which tend

1

to —oo, = assumes the value nearer and nearer to
X

ZEro.

.. lim 1 0
X—>—0 X

Definition : A function f is said to tend to limit ‘I’
as X tends to — oo if for given € > 0, there exists
a positive number M such that |f(x) - I| < €, for
all x>M

L lim f()=1

Note : Whenever expression is of the
form %, then divide, by suitable power of
X to get finite limits of numerator as well as

denominator.

7.7.2 Infinite Limits :

Let us consider the function f(x) = 1
X
Observe the behavior of f(x) as x approaches zero
from right and from left.

i) Observe the following table for 1 (x)= 1
x

x= | 1]0.1]0.01]0.001]0.0001[0.00001
f(x) | 1|10 100 | 1000 | 10000 | 100000

We see that as x assumes values nearer 0, but
1
greater than 0, = assumes the values larger and

X
larger.

lim £(x) = lim + - o0

x—>0" x>0 x

ii) Observe the following table for f(x)= 1
x

x= |-1-0.1 -0.01 -0.001 -0.0001 -0.00001 @ ...
f(x) -1 -10 -100 | -1000  -10000 -100000

We see that as x assumes values nearer to
1 )
0, but less than 0, = assumes the values which

X
tends to — o

- lim f(x) = lim 1 — —©
x—=0" x=0" x




(SOLVED EXAMPLESj _ 10+0+0 (- lim £ = 0)

5-0+0 0 X
. | ax+b
Ex. 1. Evaluate : lim - 10
x| ex+d 5
= 2

. +b
Solution : hm{ ax }
el ex+d

Ex. 3. Evaluate : lim [\/ x> +3X —X}

ax+b X—>00
- lim| —* ) >
xow| ex+d Solution : Iim| VX +3X =X
X—00
X

X—>0

’ b ~ tim (VX 43X = X)(VX* +3X +X)
lm[a } B (VX +3X +X)

_ X—>0 x
e
lim| c+— _ _
* .| X +3x=x
- lim| ——
a+0 el X 43X+ X
= ——asX— o, L 0
c+0 X _ -
lim | -
-4 = ow| X2 +3X+X
c - -
3X
.| 1OX*+5x+3 li
Ex. 2. Evaluate : lim| ——— = Xl_r)g X 1+E + X
x>0l §5X°-3X+8 X
. L i
Solution : lim w B 7
x>o| 5X°—=3X+8 3
Divide by x? to get finite _limits of the _ }(1_{2 1+§+1
numerator as well as of the denominator, X
10x* +5%x+3 ) -
. 2 3 1
= lim| —2X—— = wlim—=0
x>»| 5% —3X+8 J1+0+1 ( x> X )
X’ 3

1+1




(EXERCISE 7.7)

I  Evaluate the following :

e b rex+d
1) lim| S5
| ex” + fx"+gx+h

lim_ x> +3X+2
2 % ) (x—6)(x-3)

M2
3) lim 7x2+5x 3
x—>°°_8x —2X+7

IT Evaluate the following :

- B
1) lim TX" +2X 3}

2) lim_x/x2+4x+16—\/x2+l6}

X—>0

3) lim| Vx* +4x* —XZJ

X—>00

III Evaluate the following :

1 tim (3%* +4)(4x° =6)(5%* +2)

x>0 4x° +2x* ~1

2) lim (3x—4) (4x7+3)
= (3x+2)

3) lim| VX (Vx+1-x) |

X—>0

2 tim | (2x-1)" (3x~1)"
el (2x+1)"

5) lim_\/x2+5 X -3
““’_\/x2 +3-Vx +1

|

(%%Let's Remember

Note : For limits of trigonometric functions,

angle is supposed to be in radian.

1) lim sin x =1

X—0 X

2) lim sjhx=sina

xX—a

3) lim cosx=cosa

X—0

1 tan x
4) 1;5} x -1

5) 1;113 sinxkx — K

6) lim tan kx — |

x—0 X

7) 1}3} X.sin (—j =0

. 2
g) lim 1-cospx _ %

X—0 X2

2

2
9) lim cosmx—cosnx - h —m
X—0 X2 2

X—0

10) lim #:Ioga, va>0
11) lim e
-0 (1+x)* ~

12) lim |Og (1+x) = 1

x—0
X

X—a x_a

. e -1
14) lim ( j=1

13) lim (x - j =na™fora>0

n (3
15) Tm {%) =0



k
16) lim (—j =0fork,pe Randp>0

X—0 xp
1
17) Asx — 0, Y) 2 ®
18) lim (%) =0,ifa<b

MISCELLANEOUS EXERCISE -7

I) Select the correct answer from the given

alternatives.
. x'—16
2 lxlg[xz—5x+6j=
A) 23 B) 32 C)-32 D)-16
. X" +128
2) XIE{IZ( x*+8 j:
56 112 121 28
A) 3 B) 3 C) 3 D) 3
lim ! + ! =
3 S xX-11x+24 X —x—6
2 2 7 7
A)——Eg B)Eg C)Eg' D)——zg
4) x—>5[ / 2}
-2 2 5 2
A9 B3 Oy Dy
I tan” X—3
5) xl_,n,l sec’ X—8
1 1 1
A1l B) > C) 3 D) i

lim 5sinX—XcosX |
6) x50l 2tanx—3%

A) 0 B) 1 C) 2 D) 3

3cos X+cos3X
lim =
7) HZ{ (2x-n)’ }
3 1 1
Ny By 05 Dy
(155315041
8) % sin® X -
A) log 15 B) log3+1log5
C) log 3.log 5 D) 3log 5
1
T 3+5x X
9 3-4x
A) el B) e° C)e® D) e

[log(S +X)—log(5— X)} B
) X~>0 a

sin X
3 5 1 2
ANz B 93 Ds
1‘ 3COSX _1 B
1) 2| 7 -
2| ——X
2
A) 1l B)log3 C)32 D) 3log 3
.| x.log(1+3x) |
12) chlll’(l) |: (eSX _1)2 :| =
1 1 1 1
A) r B) = C) 9 D) 3
sin X 3
13) 1M | 55 e -
x>0 | (3" —1)-tan X - log(1+ X)
A) 3log 3 B) 2log 3
C) (log 3)? D) (log 3)°
5)(—3 _4X—3
lim|— | =
14) 5% { sin(x—3) }
A)log5-4 B) Iog%
log 5 Iog 5
©) log 4 D)




(2x+3)” (x=5) . | logx—1log2
1 lim| —————
15) x_{g{ (2x—5)" 12) X2 X—2
3 1 1 1 -
A)S By C= D) g
x—1 X _1
II) Evaluate the following. r (SX 1)2
RIS 14) lim| —
) tim| (5 )3— 0] (2" ~1)log(1+x)
=01 (1-x) 1 - i :
15 1 (2x+1)"(7x-3)
) . . . im
2) £1£1’(}[X] ([*] is a greatest integer function.) o (5x+2)5

3) Iff(r) = =2 then find lim|:f(r+h]z_f(r)} 16)

h—0

9 ] it [ e

XCo0Sa—acoSx
X—a

\/_ sin X —cos X
5) Find the limit of the function, if it exists,
atx=1
18
) sin*(x—1)

x—1

222 X +1}

f(x):{7—4x for x<l1

2 2 >1 X1 _ ~x
X +2 for x 19) lil’l’ll {4( 71)2+1}
X—> X—
6) Given that 7x < f(x) < 3x*> — 6 for all x.
Determine the value of £1£r31f(x) 20) lim Ix-1
X—1 i IOgX
7) hng{sewa—l}
. 21) lim | V1—cosX
et +e =2 - X
8) lim —}
0| xtanx 22) lim X+ 3X2 4 5X3 4 e +(2n-1)x" —n?
_ 6X 3X x—1 X—l
9) lim| — X6 =3)
x>0/ cos (6X)—cos(4X) 23) lim
N x—0
B 3x _ 2x _ x
10) fym| "4~ ] 1 X2 x* X x*
x>0 x.tanx —5| 1—cos| — [—cos| — |+cos| — [cos| —
B X 2 4 2 4

. sinx — sina
11) lim {—}
X—a x p— a
X—00

2x* —=7x-5




