Trigonometry - 1

@é}’ Let's Study

e Trigonometric functions with the help of
unit circle

e Extensions of trigonometric functions to any
angle

e Range and Signs of trigonometric functions
in different quadrants

e Fundamental ldentities and Periodicity of
trigonometric functions

e Domain, Range and Graph of each
trigonometric function

Polar Co-ordinates

2.1 Introduction

Trigonometry isabranch of Mathematics that
deals with the relation between sides and angles
of triangles. The word ‘trigonometry’ is derived
from the Greek words ‘trigonon' and ‘metron’.
It means measuring the sides of triangles. Greek
Mathematicians used trigonometric ratios to
determine unknown distances. The Egyptians
used a primitive form of trigonometry for building
pyramids in the second millennium BC. Greek
astronomer Hipparches (190-120 BC) formulated
the general principles of trigonometry and he is
known as the founder of the trigonometry.

We are familiar
with trigonometric
ratios of acute angles a
in right angled triangle.
We have introduced
the concept of
directed angle having
any measure, in the
previous chapter. We

shall now extend the definitions of trigonometric
ratios to angles of any measure in terms of co-
ordinates of points on the standard circle.

Iﬁh Let's Recall

We have studied that, in a right angled
triangle if measure of an acute angle is '0', then

opposite side _adjacent side

Sind = pysoteneous hypoteneous
tanf = % (see fig 2.1 (a))
Also, cosect = Sind , seco = cos0

coto = and

’Z& Let's Learn

2.1.1 Trigonometric functions with the help of
acircle:

Trigonometric ratios of any angle

We have studied that in right angled A ABC,
'0' is an acute angle

B
P(x.y)

K= 7,

E 0"

& OxM JA

%

C adjacent side B
Fig. 2.1(a) Fig. 2.1(b)




adjacent side BC
cosf=——=——
hypoteneous AC

Sing = opposite side _ AB

hypoteneous AC

We will now extend this definition to any
angle 0, consider 0 as directed angle,

Let '0' be an acute angle. [See fig. 2.1 (b)]

consider a circle of radius 'r" with centre at
origin 'O’ of the co-ordinate system.

OA is the initial ray of angle 6,
OB is its terminal ray.
P(x,y) is a point on the circle and on ray OB.
Draw PM _L* to OA.
. OM=x,PM=yand OP =r.
using A PMO we get,

cosG=O—M:£, sin9=mzz,
r OP r
then we define
x x —co-ordinate of P
cosf = — = — —
r Distance of P from origin
ing = 2 - y —co-ordinate of P

r Distance of P from origin

and r2 = x2 + y?
Hence, cos?0 + sin’0 = 1

For every angle '0', there is corresponding
unique point P(x,y) on the circle, which is on the
terminal ray of '0', so trignometric ratio's of 6 are
also trignometric functions of '0".

Note that : 1) Trignometric ratios / functions are
independent of radius 'r".

2) Trignometric ratios of coterminal
angles are same.
We consider the circle with center at origin
and radius r. Let P (x,y) be the point on the circle
with mZMOP = 6

Since P lies on the circle, OP =r

NE S A
The definitions of sind, cosd and tand can

now be extended for # = 0° and 90° < 4 < 360°.
We will also define sec, cosecd and coté.

Every angle 6, 0°< ¢ < 360°, determines a
unique point P on the circle so that OP makes
angle 6 with X-axis.

The pair (x,y) of co-ordinates of P is uniquely
determined by 0. Thus x = rcosf, y = rsind are
functions of .

Note :
1) If P (x,y) lies v
on the unit circle
then cosfd = X
and sind =y. X' e/\ X
P (x, y) = P(cos6, 0
sind) P(x’y)/
2) Thetrigonometric
functions do not Y'

depend on the ]
position of the Fig. 2.2

point on the terminal arm but they depend
on measure of the angle.

Point P(x,y) is
on the circle
of radius r and
Q (x'y") is on the
unit circle. -

Considering
results on similar

triangles. v
. y ¥ Fig. 2.3
sind =" =71,
Sy =rsind
y! =sind and
X X

cosf =" =7 ,x=rcosf x'=cosd




2.1.2 Signs of trigonometric functions in
different quadrants :

Trigonometric functions have positive or
negative values depending on the quadrant
in which the point
P(x, y) lies. Let Y

us find signs of
N
]

trigonometric
ratios in different
quadrants. If the

terminal arm of an Z(x’ Y
angle 6 intersects v

the unit circle in :

the point P(x, ), Fig. 2.4

then cos@ = x.

sind =y and tanéd :%. The values of x and

y are positive or negative depending on the
quadrant in which P lies.

T

1) In the first quadrant (0 <6 < >

y are positive, hence

), both x and

cosd = X is positive
sin@ =y is positive

B
K Dx, 1)
0

tand = % IS positive

Hence all | Q /A x
trigonometric functions
of 0 are positive in the Y
first quadrant. Fig. 2.5

2) In the second quadrant (%< 0 <m),yis

positive and x is negative, hence

cosd =y is positive
sing = x is is negative

X
A

P(x, )
tand = % is negative | .,

Hence only sind is \
positive, cosd and tand
are negative for @ in the Y'
second quadrant. Fig. 2.6

3
-/

3) In the third quadrant (= < 6 < 3n ), both x
and y are negative, hence

cos# =y is negative
sind = x is negative

tand = L is positive

X 0
Hence only tané is pw)/

positive sind and cosd are
negative for & in the third
quadrant.

Fig. 2.7

3 .
4) In the fourth quadrant (?Tc< 0 < 2m), X is

positive and y is negative, hence

sing =y is negative -

cosé = X is positive

tand = % is negative X

N
-

Hence only cosé is
positive; sinf and tané y'
are negative for ¢ in the Fig. 2.8
fourth quadrant.

You can check sind & cosecd, have the
same sign, cosf & secd have the same sign and
simillarly tand & coté have the same sign, when
they exists.

Remark: Signs of cosect, sect and cotf are
same as signs of sind, cosé and tand respectively.

2.1.3 Range of cos@ and sinf : P(X,y) is point
on the unit circle. mn£ZAOB =6. OP=1
X +yr=1
SX2<1 andy?<1
SL-1<x<land-1<y<I1

s.—1<cosf<1and-1<sind<1




SOLVED EXAMPLE

Ex.1. Find the signs of the following :
1) sin 300° ii) cos 400° iii) cot (—206°)
Solution:

(For given 0, we need to find coterminal angle
which lies between 0° and 360°)

i) 270° <300° <360°
300° angle lies in the fourth quadrant.
sin 300° is negative.

i) 400° = 360° + 40°
400° and 40° are co-terminal angles
(hence their trigonometric ratios are
same)
Since 40° lies in the first quadrant, 400°
also lies in the first quadrant.
cos 400° is positive.

iii) —206° = —-360° + 154°
154° and —206° are coterminal angles. Since

154° lies in the second quadrant, therefore
cot (—206°) is negative.

2.1.4 Trigonometric Functions of specific angles

1) Angle of measure 0° : Let m£XOP = 0°.
Its terminal arm intersects unit circle in

We have defined,

sind =y, cosd = x

P(1,0). Hencex=1andy =0.
Y
y ARy
and tand) = <~ X' Q}O) X

sin0° = 0, cos0° =
Yl

0
and tan0° = T: 0 Flg 29

cosec0° is not defined as y = 0, sec0° = 1 and cot0°
is not defined asy = 0

C
2) Angle of measure 90° or (%) . Let

m < XOP = 90°. Its terminal arm intersects
unit circle in P(0,1).

Hencex=0andy=1 Y

sosin90° =y =1 PO, 1)
c0s90° =x =0 X KQ X
v

0
tan90° is not defined K
as cos90° =0
o L+ _ 1
cosec90° = y - 1
=1 Fig. 2.10

sec90° is not defined as x = 0

(Activity) :
Find trigonometric functions of angles 180°,

270°.

3) Angleof measure 360° or (2x)° : Since 360°
and 0° are co-terminal angles, trigonometric
functions of 360° are same as those of 0°.

4) Angle of measure 120° or |=— 2r|C

Let m £ XOP =120°. Its terminal arm intersects

unit circle in P(x, y).
Draw PQ perpendicular to the X-axis

.. A OPQ is 30°— 60°—90° triangle.

0oQ = 1 and
\/— 2
PQ=-—and OP=1 !

As P Iles in the second |° &y x
quadrant, x = — %

andy = ﬁ Y




1
. 3 o — — —
. sin120° = y= % cosec225° = - =~ J2
1
cosl20° = x=- % Sec225° = S =-2
% L
2 2
tan120° = 2= =3 cot225° = =1
2 2
1 2 : . : :
cosecl20° = v = E 2.1.3 Trigonometric functions of negative
angles:
o - 1 _
secl20® = —-=-2 Let P(x, y) be
| any point on the unit Y B
« _E L circle with center at Px, )
cot120° = = N3 == the origin such that |x- Y X
- ZAOP = 4. o Q /A
If ZAOQ = - 6. then
5) Angle of measure 225° or( 5;T°) the co-ordinates of Q v
Let m £XOP = 225°. Its will be (x, =y).
. . Y
ter_mlr_1al arm intersects By definition Fig. 2.13
unit circle in P(x,y). Draw . é\ . sin 6 = y and sin (~6)
PQ perpendicular to the =51 —y
X-axis at Q. ”‘”’)/ cos 6 = x and cos (- 6) = x
v

- AOPQ 45° — 45° - 90°
triangle.

Therefore sin(-6) = — sind and cos(-#) = cosd

Fig. 2.12
1 1 sin(-@) —sin@
3 = — PO = — P=1 tan(-0)= = =—tand
0Q 5 and PQ 7 and O (-0) c0s(_0)  cosd
As P lies in the third quadrant, x = — L and
1 V2 cos(-¢) cosd
y=— cot(—0)=— =———=—cotd
2 sin(-@) —sin@
1
. sin225° = y=- — 1 1
NG sec(—6) = = =secd
. cos(—8) cosé
C0S225° = X=-—F4=
V2 1
cosec(—0)=— =———=—C0secd
tan225° = %:1 sin(-@) -sind




6) Angle of measure - 60° or - % : s Trig. Fun. sin® cosf
Let m £ XOP =-60°. v 360° = Q¢ 0 1
Its terminal arm . 1 NE)
intersects unit circle /\ =% 2 2
i X: Q1A .x
inP (x,y). ON6o L 1 1
1 o " e =
DrawPQ perpendicular P(x,p) 45° = 4 V2 V2
to the X-axis . B 5 |
Y c 3
. 1 o (o) T —_
. AOPQ 1s 30° - 60 Flg 214 60° = ? 7 2
—90° triangle.
1 7t
00=21 andpo= 3 andop=1 90° = — 1 L
2 2 2
As P lies in the fourth quadrant, x = % and 180° == 0 -1
o
2 270° = 37” = v
- s8in(-60°) = y=- %
(Activity) :
oy = y= L o . :
cos(-60°) = x=-5 Find trigonometric functions of angles 150°,
8 210%, 330°, - 45°, - 120°, - 2% and complete the
tan(—60°) — % = 2 =_ \/3 table.
1
2 Trig.
1 2 Fun.
cosec(—60°) = v = —ﬁ sin© |cos O|tan O | cosecO |sec O | cot O
0
50 1 5 Angle
sec(-60°) = =
(-60°) X 150°
L 210°
cot(-60°) = == 2.1
y J3 NE) 330°
2 —45°
Note : Angles —60° and 300° are co-terminal | ~120°
angles therefore values of their trigonometric 3n
functions are same. — 4
The trigonometric functions of 0°, 30°, 45°,
60°, 90° are tabulated in the following table.
(10 )




SOLVED EXAMPLES

Ex.1 For 6 = 30°, Verify that sin26 = 2sin6 coso

Solution: Given 8 =30° .. 20 =60°

sin® =sin30° = %

cosO = c0s30° = 32@
$in20 = sin60° = 32@
L.H.S. = 2sin0 cosO = 2 x %x 32@
= 32E=sin26 =R.H.S.

Ex.2 Evaluate the following :
1) c0s30° x cos60° + sin30° x sin60°
i) 4c0s°45° — 3c0s45° + sin45°
'2+'2L+'2l+'2£
iii) sin?0 + sin 5 sin 3 sin® =

iv) Sinn+ZCOSn+35In37n+4COS 32“

3n

—5sec -6 cosec — >

Solution :

i) c0s30° x cos60° + sin30° x sin60°

_B 1. 1 B3 _B
—2X2+2X2—2

i) 4c0s®45° — 3c0s45° + sin45°

:4(ﬁj EtE

S

1
2.2

I
o

2 _ 2
Z

. . T . T . T
i sin? 0 + sin? —=— + sin? — + sin? —
) 6 3 2

= (0)2 + %)2 + %Z + (1)

os 1,3,
_0+4+4+12

Ex.3

3r 3r

sint+2cosm+3sin=—+4cos=—

—5sec T — 6 cosec 2~ 3271

=0+ 2(-1) + 3(-1) + 4(0) - 5(-1) - 6(-1)
=0-2-3+0+5+6=6

Find all trigonometric functions of the
angle made by OP with X-axis where P is
(-5, 12).

Solution: Let 6 be the measure of the angle in
standard position whose terminal arm passes
through P(-5,12).

Ex.4

r=0P= /(-5 + 12> =13

P(x,y) =(-5,12) =-5,y=12
sind = % =% coseco = 5 :%
cosO = % :_1—53 sec = % :‘%
tame:%:_l—g,2 cot6:§ :‘%

secO =-3and Tt <0< —353 then find the

values of other trigonometric functions.

Solution : Givensec 8 =-3

quadrant.

1
c.cosf=—- =

3
We have tan? 6§ = sec?0 -1
. tan?9=9-1=8

tan? 9 =8 and n < @ < 37 the third
. tan @ = 242 Hence cotd = —1—
22

Also we have, sin & = tan 0 cos 6

_ ). 22
—2\/5 _T)———g

. cosecld = — ——

2f




13

Ex.5 = x lies in the fourth quadrant,

If secx

find the values of other trigonometric
functions.

Solution : Since secx = % , we have cosx = %

Now tan?x =sec?x -1

13)2 169 144
. 2 — _ - vy _ - —
c. tan x-%) 1 5% 1 55
sotan? x = 144 and x lies in the fourth
quadrant.
tanx= =22 __5
sotanx = 5 cot x = 17
Further we have, sin X = tan X x €0S X
5 13 13
__1 _ 13
And cosec x = sSnx- 12

Ex.6 If tanA = %, find the value of

2 sin A-3cos A
2 sin A + 3 cos A

Solution : Given expression

2 sin A — 3 cos A o Sin A _gcos A
2sin A+ 3cos A= -—C05A cos A
o SN A ,3cosA
cos AT cos A

_2tan A-3
2 tan A + 3

A

17
2(4j+3
3

Ex.7 Ifsec o= ﬁ,%<9<2n then find the

1+tan @+ cosecd
1+cot@—cosecd

value of

1
Solution : Given secd = 2 .. c0sf = 2

Now tan?@=sec?9-1=2-1=1

. tan? = 1 and 3—2“ < 6 < 2x (the fourth
quadrant)
.. tanf =-1. Hence cotd = -1
s _ 1)\_ 1
Now siné = tané cosf = (-1) (—) == =

V2 V2
Hence cosec 6 = —\/§

I+tan +cosecd 1+(-D+(—2)
1+cos@—cosecd 1+(-1)—(—/2)

Ex.8 Ifsind= —g and 180° <6 < 270° then find

all trigonometric functions of 0.

Solution : Since 180° < 6 < 270°, 0 lies in the
third quadrant.

. .3 5
Since, sind =z - cosecH = 3
Now c0s%0 =1 —sin%0

9 _16

. 2 =1 —— = ——

.. c0s%0 =1 55 = e

- coso=-2 - seco=_5
5 4
_ sing

Now tan0 = 050

. _3 . _4

oo tanf = IS coto = 3
EXERCISE 2.1

1) Find the trigonometric functions of
0°, 30°, 45°, 60°, 150°, 180°, 210°, 300°,
330°, —30°, —45°, —60°, —90°, —120°, —225°,
—240°, —270°, -315°

2) State the signs of

1) tan380° il) cot230° iii) sec468°

3) State the signs of cos 4° and cos4°. Which of
these two functions is greater ?




4) State the quadrant in which 6 lies if
1) sin® <0 and tan® >0
ii) cosO <0 and tan6 >0

5) Evaluate each of the following :
i) sin30° + cos 45° + tan180°
i) cosec45° + cot 45° + tanQ°
i) sin30° x cos 45° x tan360°

6) Find all trigonometric functions of angle in
standard position whose terminal arm passes
through point (3, —-4).

7) If coso = % 0<6O< % find the value of

sin> @ — cos? O 1
2 sin 6 cos 0’ tan? @

8) Using tables evaluate the following :
i) 4cot45° — sec? 60° + sin 30°

ii) cos?0 + cos? % + C0s? —;5 + c0s? %

9) Find the other trigonometric functions if

1) If coso :—g and 180°<6 <270°.

i) If secA =— 2—75 and A lies in the second

quadrant.

i) If cotx= %, x lies in the third quadrant.

iv) tanx = I—g x lies in the fourth quadrant.

’ﬁ Let's Learn

Fundamental Identities

2.2 Fundamental ldentities :

A trigonometric identity represents a

relationship that is always for all admissible

values in the domain. For example cosecé = 5|_%10
is true for all admissible values of 6. Hence this
is an identity. ldentities enable us to simplify
complicated expressions. They are basic tools
of trigonometry which are being used in solving
trigonometric equations.

The fundamental identities of trigonometry,
namely.
1) sin?6+cos?6=1,

using this identity we can derive simple

relations in trigonometry functions

e.g. cosf = +\/1-sin’0 and
sing = +\1—cos” 0

2) 1l+tan?0=sec’d, if0#—

2

3) 1+cot2d=cosec?d, ifd=0

These relations are called fundamental
identities of trigonometry.

2.2.1 Domain and Range of Trigonometric
functions : Now we will find domain and
range of trigonometric functions expressed
as follows.

We now study sin 4, cos 6, tan ¢ as functions
of real variable & . Here 8 is measured in radians.

We have defined sinf and cos 6, where 6 is
a real number. If o and @ are co-terminal angles
and if 0° < o < 360°, then sin § = sina, and cos 0
= cosa. Hence the domain of these function is R.

Let us find the range sin 6 and cos 0
We have, sin?0 + cos?0 = 1

i) Consider y = sind where 8 € R and
ye[-1.1]




The domain of sine function is R and range
is[-1, 1].

-3

The domain of tanéd is R except

9:(2n+1)—g-,
As@—>—725_, tan0—>+ooanda39—>—g—+,
tand —» — oo.

when you learn the concept of the limits you
will notice.

Since tang = % value of tané can be any

real number, range of tan function is R.

Fig. 2.15
i)  Considery = cosd where 8 € R and iv) Consider y = cosecd
yel-11] cosecd does not exist for 0 = 0, +n, +27,
The domain of cosine function is R and
. 3 m...
range is [-1, 1].
— In general cosecé does not exist if 8 = nr,
where n € I.
y The domain of cosecd is R except 6 = nr,
\\ « and range is R.
6o \/ The domain of sine function is R and range
is [-1, 1].
Now as -1 <sind < 1, cosecd > 1
Fig. 2.16 or cosecH < - 1.
iii) Consider y = tan#, tand does not exist for . The range of cosecant function is
=+ L 4 3n 4 2T : =R-(-
0 T ES L ES {yeR:ly|21}=R-(-1,1)
In general tan® does not exist if 0 = | v . = tan x
(2n+1) %, where n € | i s i
Y Yy =cos Xx i : i
/ X : , : X
Tz 0 2
1. : Ty
Fig. 2.17 Fig. 2.18
((9q )




v) Considery = sect

secd does not exist for 6§ = i—g—, 1%71,
£
2

In general secd does not exist if
0=(02n+1) —g— where n € I.

The domain of secd is R except = (2n + 1)

—g—, and rangeisR - (-1, 1)

Now as-1<cosf<1,secd>1orsecd<-1

. The range of secant function is {y e R :
=21} =R-(-1,1)

Y

pid L

57r/2 37(/2 31[/2 51[/2 X

: ﬂ

Fig. 2.19

vi) Consider y = cotd

cotd does not exist for § = 0, +n, +2m,

Now as-1<cosfd<1,secd>1orsecd<1
Similarly, -1 < sind < 1, cosecd > 1 or
cosecd < -1

Since cotd = o value of can be any real

number, range of cot function is R.

2.2.2 Periodicity of Trigonometric functions:
A function is said to be a periodic function
if there exists a constant p such that f(x + p)
= f(x) for all x in the domain.

L) =fx+p)=f(x+2p)=. ..
fx-2p)= ...
The smallest positive value of p which

satisfies the above relation is called the
fundamental period or simply the period of f.

=f(x-p)=

Ex. sin(x + 2x) = sin(x + 4mx) = sinx = sin(X — 2x)
= sin(x — 4n)

Thus sinx is a periodic function with period
2m.

Similarly cosx, cosecx and secx are periodic
functions with period 27.

But tanx and cotx are periodic functions with
period . Because of tan (x+x) = tan x for all x.

+37 ...
In general cotd does not exist if 6 = The following table gives the domain, range
and period of trigonometric functions.
where n € |.
The domain of coté is R except 6 = nr, and Trigono-
range is R. metric Domain Range | Period
The domain of sine function is R and range functions
is [-1, 1]. sin¢ R [-1,1] | 2=n
v _ cosé R -1, 1] 2n
»y =sin (1t + x)
TT
tang |R-1@n+1) 7 R m
{\ 1 ‘nel}
AT NV N2 cosecd | R—{nn:nel}|R-(-1,1)| 2=
T
seco [R-12n+1) 7 |R_(-1,1)| 2n
. ‘nel}
cotd |R- : R
Fig. 2.20 iim:nely T
(oA




SOLVED EXAMPLES

Ex.1 Find the value of sin %.

Solution : We know that sine function is periodic
with period 2.

Al s T| — it _
C.SIn——=38INn — | =SIn—g
] (107t + 7} 7

-1
V2

Ex.2 Find the value of cos 765°.

Solution : We know that cosine function is
periodic with period 2.

.. €0S 765° = cos(720° + 45°)
= c0s(2 x 360° + 45°)

= Cos 45° =

Let's Learn

2.9 Graphs of trigonometric functions :

=

Introduction : In this section we shall study the
graphs of trigonometric functions. Consider x
to be a real number or measure of an angle in
radian. We know that all trigonometric functions
are periodic. The periods of sine and cosine
functions is 2n and the period of tangent function
is . These periods are measured in radian.

(i) The graph of sine function:

Consider y = sinx, for — 7 < x < n. Here x
represents a variable angle. The table of
values is as follows:

0 |l | n |n|2r|3n |5¢%

X 6|4 |3|2|3|4]|6]|T"
y|0[05(0.71{0.87| 1 [0.87(0.71|0.5| 0
Using the result sin(- #) = -sind, we have

following table:

Sm| 3n| 2n| ©T| m T| T

XI=7I""6 | 2| 3| 2| 3| 4

y| 0 | -0.5|-0.71(-0.87| -1 |-0.87[-0.71|-0.5|0

Take the horizontal axis to be the X— axis and the
vertical axis to be the Y— axis.

y=sinx

Fig. 2.21

The graph of y = sinx is shown above. Since
the period of sine function is 2t It means that
take the curve and shift it 2x to left or right, then
the curve falls back on itself. Also note that the
graph is with in one unit of the Y—axis. The graph
increases and decreases periodically.

(i) The graph of cosine function: Consider
y = cosx, for -t < x < . Here x represents
a variable angle. The table of values is as

follows:
T n|xn|x|2n]| 3n| Sm
Pls|2|3(2|3|[7|% |”
y|1/0.87(0.71{0.5( 0 [ 0.5|0.71| 0.87 | 1

Using the result cos(— ) = cos#, we have
following table:

5n_3n_2n n_l_ﬂ_io

XI=®"""6 | 2 | 3| 2| 3| 4| 6

Y[(1(087(071| 05 | 0 |05|0.71|0.87(1

Take the horizontal axis to be the X— axis and the
vertical axis to be the Y— axis.




The graph of y = cosx is shown below. Since the
period of cosine function is 2x. It means that
take the curve and shift it 2z to left or right, then
the curve falls back on itself. Also note that the
graph is with in one unit of the Y—axis. The graph

increases and decreases periodically.

y=cosx

Fig. 2.22

(iit) The graph of tangent function:

Lety = tanx for - = < x < =~
y 2 2

Note that does not exist for x = —

increases from 0 to —725 :

T
>

1) sinx increases from O to 1 and

2) cosx decreases from 1 to 0.

SInx
sotanx = cosx

starting from 0 approaches to ?

starting from 0 approaches to

decreases indefinitely. The corresponding

values of x ad y are as in the following table:

Similarly
T
> tanx

AS X

will increase indefinitely as X

n|_ x| _® n x| ©
X732 6|9 & |2]| 3
y|-173] -1 |-058| 0| o058 1| 1.73

y=tanx

RS E
s

Fig. 2.23

(Activity) :

1)

2)

Ex.1I1ftan 0+

tan?6 +

Solution : We have tan 6 +

Use the tools in Geogebra to draw the
different types of graphs of trigonometric
functions.

Geogebra is an open source application
available on internet.

Plot the graphs of cosecant, secant and
cotangent functions.

SOLVED EXAMPLES

1
Tan @ = 2 then find the value of

1
tan0
1

g -2

Squaring both sides, we get

1 + 1
tan 0 tan?0

1
‘tan?0

tanZ? @+ 2 tan 6 x =4

L tan?f+2+— =4

1

tan?0 2

. tan? 9 +

Ex. 2 Which of the following is true?

1-tan? 0

2 - = 7

2 C0s° 0 = T+tan20
cot A-tan B

i) “cot B—tan A =COotAtanB




sin @
1-cot 6

cos 6

i) 4= g =sin 6 + cos 0

Solution :
. 1-tan® 6
2

1) 2cos*0 1+tan? 0
1-tan? 0
1+tan? 0

sin? @
~ cos? O

sin? 0
1+ cos? 0
cos? 6 — sin? @
cos? O + sin® @

RHS =

= cos* 0O -sin? 0
= ¢0s? 06— (1-cos? )
= 2c0s?0-1#LHS

Since the LHS # RHS, given equation is not true.

.y cot A—tan B
— = - = Atan B
1) cot B—tan A cotAta

Solution : Substitute A =B =45°
cot 45°—tan 45°

LHS = cot 45°—tan 45°
1-1_0_
1+1‘1‘0

RHS = cot 45°tan 45° =1
As LHS # RHS, the given equation is not
true.

Note : 'One counter example is enough' to prove
that a mathematical statement is wrong.

cos 6 sin 0

i) T-tan 0 Tocot g —on 0+ cos 6
. cos 0 sin 0
LHS = 1-tan 0 * T cot o
cos? 0 sin? 0

= C0s O —sin 6 sin 6 —cos 6

_ cos? f-sin® 4
~ cos € — sin 0

(cos 6-sin ) (cos G+sin 0)
cos 6-sin 0

sin @ + cos 8 = RHS
Since the LHS = RHS, given equation is true.

Ex3If5tan A= ﬁ,n<A<37nand

secB= 11, %71 < B < 2x then find the value of

cosec A —tan B.
Solution : 5tan A = x/§
J2

5
s.tanA=— and cotA=—F4
5 2

As cosec’A =1+ cot? A
ie(S )l
J2 2

. cosec’ A = 2—27 andt <A< %n (the third
quadrant)

". COSecA = -

Az

Now sec B = 11

Astan’B =sec’B-1=10

Thus, tan? B = 10 and 3771 < B < = (the fourth

quadrtant)

.. tanB=- 10

Now cosecA— tan B =— Y2 _ (—/10)
V2

BT

2

1
Ex.4 If tand = —= then evaluate
V7

cosec? O — sec? 0
cosec® O + sec?® 0

Solution : Given tan0 =

socoth = f7

-




Since, cosec’0 =1 + cot?0 On squaring and adding, we get

N

sec’0 = 1 + tan?0
.. C0Sec’0 —sec’0 = cot’0 —tan%0
cot?0 + tan?0 + 2 but sin%0 + cos?0 =1

2 2
cos?0 +sin%0 = (g) 3+ (%) 3

.. cosec’d + sec?0

2

cosec® § — sec? cot’O —tan’ 6 [xf (y)3
R +

cosec® § + sec® & = cot’ @ +tan’ 0 +2 a a) " L
1
7-=
_ 7 _48_3 (iii) x = 2+3 cosO, y = 5+3 sind
7+1+ p 64 4
7 X—2=3¢0s0, y—5=3sin0d
6 60 = 1_2cin2 2 X—2 -5
Ex.5 Prove that cos®0 + sin°0 =1-3sin%0 cos%0 oS0 = ( j sind = (y3 j
Solution : (a*+b®) = (a+b)*-3ab(a+h)
L.H.S. = cos®0 + sin®0 We know that,
= (cos?0)® + (sin%0)° cos’0 +sin0 =1
= (c0s?0 + sin20)3—3c0s20 sin%0 (C0s20 +sin%0) Therefore,
2
= 1-3sin?0 cos?0 (Since sin?0 + cos?0 =1) (X—2j2 N (y—S) _1
3
= R.H.S. 3
Ex.6 Eliminate 6 from the following : S (X=2)+(y-5¢=@)
() x=acosd, y=hsind S (x=22+(y-52=9
(if) x =acos®0, y=Dbsin® Ex.7 If 2sin’6 + 7cos® = 5 then find the
(iiii) x = 2+3c0s0, Y = 5+3sin0 permissible values of cos6 .
Solution : Solution : We know that sin?0 = 1—c0s%0
(i) x=acosh,y=Dbsind y Given equation 2sin?0 + 7cos® =5 becomes
- cos0 = X and sin® = =
a b 2(1-c0s%0) + 7c0s0 =5
On squaring and adzdmg,zwe get 990050 + 7C0S0 -5 = 0
: _ X y
Cos’0 +sin* = 27 -, 2€0s20 — 7¢0s0 +3 =0
but sin?0 + cos?0 =1 . 2c05°0 — 6c0s0 —cosO +3 =0
2 y?
LA 7 -, (2c0s6 — 1)(cos —3) = 0
a
. €os® =3 orcosd = %
(i) x=acos®, y=Dbsin*0
y But cos6 cannot be greater than 1
. g =X intg ==L
- 0050 a and sin’ b . Permissible value of cos0 is i.

1 y 1 2
. €SO = (§)3 and sin = (5)°




Ex. 8 Solve for 0, if 4sin? 6 — 2(\/§+ 1)sin 6 +

V3=0
Solution : 4sin2@—2(x/3+ 1) sin 0+ 3 =0 is
a quadratic equation in sind. Its roots are given by

—b++/b? —4ac

2a
where a=4,b:—2(J§+ 1), c= J3

2(\3+1)+ 2\/[2(\@ +1)}2 ~4(4)(\3)

2(4)

2(E+1) <2+ (@) )

2(4)

(532 [[55+3] ~a)5)
- @
] (\/§+1)i\/3+ 23 +1-4(13)
(V3+1)+ [4-2(+3)
(o) ]

()2 ( -3

oo sing =

N

3
— O

R
.0 6or

wla

Ex. 9 If tan 8 + sec @ = 1.5 then find tand, sind

and secd.

Solution : Giventan@+sec =15

" tan9+sec6:% .. (D

Solution : LHS =

Now sec? § —tan? =1
. (secH+tanO) (secH—tan O) =1

" g (secHd-tand) =1

. (secf—tan 0) = % ...(2)

From (1) and (2) , we get, 2 sec § = 13

6
. secO= B and cosf = 13

. _5 gD
. tan@-lzandsme—13

Ex. 10 Prove that

sin@ N tan @
1-cos@ 1+cosé

= sec 0 cosech + cot 0

sin@ N tan @
1-cos@ 1+cosd

sin@(1+ cosd) +tan (1 —cosh)
(L-cosd)(L+cosh)

sin@+sin@ cos@ +tan@ —tan & cos O
- 1-cos?6

sin@+sin@ cos@ +tan @ —tan @ cos@

sin?o
_ sing sindcosd tand tand cosd
sin® o sin® o sin?9 sin®o
_ Sin@ sin@cosd tand sind
sin?o sin?o sin@  sin%@
_ sinf cos@ tand
sin?o sin® o
cosé 1
= ——+— = cot 6 + cosect sec 0
sin@d sin@ cosd

= sec ¢ cosecd + cot & = RHS

Ex. 11 Prove that

secd —tand@

———=1-2secOtan O+ 2 tan? @
secd +tand




secd —tan@

lution : = —Q
Solution : LHS P —

- sece—tanexsecé?—tane
secd+tanfd secHd—tand

(secd — tan 0)?
sec’ @ —tan? @

sec @ +tan% 0 — 2secd tan @
1

=l1+tan?9+tan?6—-2sec ftan b
=1-2secHtan 0+ 2tan’ & = RHS

1-sin A

_ 2 — =79l A
Ex.12 Prove that (sec A —tan A)* = To=-—

Solution : LHS = (sec A — tan A)?

=sec? A+tan? A—-2sec Atan A
L, sin®A , sinA
cos’ A cos’A  CoSACOSA

1+sin? A—2sin A
cos? A

_ (d-sin A)2 _1-sinA
1-sin? A 1+sinA

Let's Learn

2.2.4 Polar Co-ordinate system : Consider O as
the origin and OX as X-axis. P (x,y) is any point
in the plane. Let OP = r and m£XOP = 0. Then
the ordered pair (r, 6) determines the position of
point P. Here (r, ©) are called the polar coordinates
of P. The fixed point O is called the Pole and the
fixed ray OX or X-axis is called as the polar axis.

= RHS

Y!

Fig. 2.24

The Cartesian co-ordinates of the point P(r, 0)
will be given by relations :

X=rcos® and y=rsind

From these relations we get

_ [,2, .2 _y
r=qx“+y andtane—X

SOLVED EXAMPLE

Ex. Find the polar co-ordinates of the point
whose Cartesian coordinates are (3,3).

Solution : Herex=3and y=3
To find r and 6.

w/x2+y2 and tan6=%
\/x2+y2 =\/32+32 = \/E = 3\/5
r o= 3\/5

Since point P lies in the first quadrant,0 is an

r

angle in the first quadrant.
o0 =45°

Polar co-ordinates of P are (r, 0) =(1, 45°)




1)

2)

3)

4)

5)

6)

7)

8)

9)
10)

11)

EXERCISE 2.2

If 2 sinA = 1 = 2cosB and%<A<n,
3n

—_—

< B < 2xn, then find the value of

tan A+tan B
cos A—cos B

sinA _sinB

It =3 4 5
in the second quadrant then prove that
4cosA + 3cosB = -5.

and A, B are angles

1 2sin O + 3cos 0
Iftane—T,evaluate cos 0 + 3sin 6

Eliminate 6 from the following :

i) x=3secHb,y=4tand

i) x =6coseco ,y = 8coto

iii) x =4cos0 — 5sin0, y = 4sind + 5cosO
iv) x =5+ 6cosecO, y = 3 + 8coto

V) 2x =3 - 4tano, 3y =5 + 3secO

If 2sin?0 + 3sin® = 0, find the permissible
values of coso.

If 2c0s%0 —11c0sO + 5 = 0 then find possible
values of cos0.

Find the acute angle 6 such that 2cos6 =
3sin6

Find the acute angle 6 such that 5tan?0 +3
= 9secO
Find sin® such that 3cos0 + 4sind =4

If cosecO + cotO = 5, then evaluate seco.

If coto = % and < 0 < %T“ then find the

value of 4cosecO +5c0s0.

12) Find the Cartesian co-ordinates of points
whose polar coordinates are :

i) (3, 90°) i) (1,180°)

13) Find the polar co-ordinates of points whose

Cartesian co-ordinates are :
i) (55) i) (1,,/3) i) (-1, -1)
iv) (=4/3.1)

14) Find the value of

197¢

i) sin 197 25m°
3

i) cos 1140° iii) cot 3

15) Prove the following identities:

1 1
. 2 1+ =
i) (1+tan?A) +[ tan2 AJ sin® A—sin* A

i) (cos?A-1)(cottA+1)=-1

iii)  (sin@ + sec 6)? + (cosé + cosec H)?
= (1 + cosecd sec 6)?

iv) (1+cotfd-cosecH)(Ll+tanf+sech) =2

tan® @ cot® @
V) 2 + 2
1+tan“@ 1+cot”@
=sec # cosed — 2 sin 9 cos @
vi) 1 B 1 1 B 1
secd+tan@ cos@d cosd secHd—tand
Vii) sin 6 + 1+'COSQ =2cosecH
1+cos@ sin@
tan @ secd+1
viii) =
sec/-1 tanéd
ix) cot@ _ cosecd +1
cosecd -1 coté@

X)  (secA+cosA)(secA—cosA) = tan?A+ sin?A
xi) 1+ 3cosec?0-cot?0 + cot®0 = cosec®o

l-secO+tan6® secO+tan6-1
1+secO—-tan® secO+tan6+1

Xii)




[%% Let's Remember

1)

2)

3)

4)

5)

6)

7)

y
A
sind All Trig.
& coseco | functions
are +ve are +ve
X < > X
tang cosé
& cotd & secd
are +ve are +ve
v
yl
Fig. 2.25

All trigonometric functions are positive for

60 in the first quadrant.

Only siné@ is positive; cosd and tanéd are
negative for 6 in the second quadrant.

Only tand is positive sind and cosé are

negative for @ in the third quadrant.

Only cosé is positive; sing and tané are

negative for 0 in the fourth quadrant.

Signs of cosecd, secd and cotd are same as
signs of sind, cosé and tand respectively.

The fundamental identities of trigonometric
functions.
1) sinfd+cos?0=1

2) l+tan20=secd, If 0 ;é%

3) l+cot?’@=cosec’d, ifd =0

8) Domain, Range and Periodicity of
Trigonometric functions

Trigono-
'Plf,ﬁ[:'c Domain Range [Period|
tions
sind R [-1,1] 21
cosé R [-1,1] 21
R-{2n+1)L :n
tan® & 2 R T
cosecd| R—-{nn:nel} |R-(-11)| 2=
_ I -
secd | R {(2”;1}%) 5 "R-(-11)| 2n
cotd R—{nn:nel} R T

9) Polar Co-ordinate system : The Cartesian
co-ordinates of the point P(r, 0) are given by
the relations :

X =11 cosO

= /%2 2 -y
where, r X +y“ and tan® »

MISCELLANEOUS EXERCISE - 2

and y=rsin0

I)  Select the correct option from the given
alternatives.

1)  The value of the expression cosl°®. cos2°.

c0s3°. ........ c0s179° =
1

A) -1 B) 0 C) — D) 1
) ) )75 )
tan A 1+secA .

2) is equal to

1+sec A tan A

A) 2cosecA  B)2sec A

C) 2sin 4 D) 2cos A

3) If aisaroot of 25c0s%0 + 5¢c0s6 — 12 = 0,

%<a<nthensin2aisequalt0:

24 13 13 24
A) —— B)-— OC) — D) —
) 25 ) 18 )18 )25




4)

5)

6)

7)

8)

9)

10)

)
1)

2)

1 2
If 6 = 60°, then *tan O is equal to
tan @
V3 2 1
A) — B) = C) = D
) S BF OF D
If secO = m and tan® = n, then
1 (m+n)+ ! i |
. (m+n) is equal to
A) 2 B) mn C) 2m D) 2n
5
If cosec © + cot 6 = 5 then the value of tan
0 is
14 20 21 15
A) — B) — C) — D) —
) 25 ) 21 ) 20 ) 16
sin@  1+cos@®  sinf
- - - equals
1+cosf sin 6@ 1—cos®
A) 0 B)1 C)sin® D) cos 6
If cosecO — coto = q, then the value of cot 6
IS
29 29 1-q° 1+¢
A B C)—=— D
e Pig 9 g Do
The cotangent of the angles % , % and %
are in
A) AP. B) G.P.
C) H.P. D) Not in progression
The value of tanl°.tan2°tan3°..... tan89° is
equal to
A) -1 B) 1 C)% D) 2

Answer the following.
Find the trigonometric functions of :

90°, 120°, 225°, 240°, 270°, 315°, —-120°,
—-150°, -180°, —210°, —300°, —330°

State the signs of

i) cosec520° ii) cot 1899° iii) sin 986°

3)

4)
5)

6)
7)

8)

9)

10)

State the quadrant in which 0 lies if
i) tand <0 and sec >0
i) sinB <0 and cosO <0
iii) sin® >0 and tan6 <0

Which is greater sin(1856°) or sin(2006°) ?
Which of the following is positive ?
sin(—310°) or sin(310°)

Show that 1- 2sin6 cos6 > 0 for all 6 € R

Show that tan0 + cot’0 > 2 forall® € R

X2_y2
x2+y2
cos0, tand in terms of x and y.

If sin6 = then find the values of

If secO = 2 and %n < 0 < 27 then evaluate

1+tan ©+cosecO

1+cot®—cosecO

Prove the following:
i)  sin?Acos?B + cos? Asin?B +
cos? Acos?B +sin?Asin?B =1

(L+cot&+tan &)(sin#—cosH)

i)
sec’ @—cosec’ 4
=sin? § cos? 0
2 2
i) | tan@+ ! +| tan 9—i
cosé cosé

_9 1+sin? 0

~ 1-sin?e
iv) 2sec?d—sec*§—2cosec? § + cosec*

= cot* § —tan* 6
V) sin*@+cos*fd=1-2sin?Hcos? o
vi)  2(sin® @ + cos® @) — 3(sin* & + cos* )

+1=0

(33



vii) €0s*0 — sin*d +1= 2c0s%0 xiv) (1+tanA-tanB)? + (tanA—tanB)? =

viii) sin‘0 +2sin%0 -cos?0 = 1 — cos*0 sec°A-sec’B

. sin®0+cos20  sind0-cosdo B Xv) 1+cotO+cosecO _ cosecO+coto—-1
iX) SinO + cos 0 + Sin0—cos® 1-cotO+cosecO cotO—cosecO+1
X)  tan?0 —sin?0 =sin‘0 sec?0 Vi tanO+secH-1 _ tan©

xi)  (sin® + cosecO)? + (cosd + secO)? = tanb+seco+l secH+l

tan?0 + cot?0 + 7 cosecO+cotf—1 1-sin®

XVil) =
Xxii) sin®@ —cos®0 = (sin?0 — cos?0 ) cosecH+cot6+1  cosH
(1-2sin%0 cos?0)
xviii) cosecO+cot0+1 _ coto
Xiii) Sin®A + cosPA =1 — 3sin?A +3 sin‘A cotO+cosecO —1 cosecO -1
([ ([




