2 . FUNCTIONS

Let’s study.

e  Function, Domain, Co-domain, Range
e  Types of functions — One-one, Onto

e Representation of function

e Evaluation of function

e Fundamental types of functions

e Some special functions

~
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2.1 FUNCTION

Definition : A function f from set A to set B is a
relation which associates each element x in A, to a
unique (exactly one) elementy in B.

Then the element y is expressed as y = f(x) .
y is the image of x under f

If such a function exists, then A is called the
domain of f and B is called the co-domain of f.

Let’s learn.

For example,

Examine the following relations which are given
by arrows of line segments joining elements in
A and elements in B.

1)

AR—l)B

S

Fig. 2.1

R1 is a well defined function.

Fig. 2.2

R, is not a function because element d in A is
not associated to any element in B.

3)

A 3 ;B

Fig. 2.3

R, is not a function because element ain Ais
associated to two elements in B.

The relation which defines a function f from
domain A to co-domain B is often given by an
algebraic rule.

2.1.1 Types of function

One-one or One to one or Injective function

Definition : A function f: A — B is said to be one-
one if distinct elements in A have distinct images

N



in B. The condition is also expressed as 3)
a#b = f(a) #f(b)
Onto or Surjective function

Definition: A function f : A — B is said to be onto
if every element y in B is an image of some x in A

The image of A can be denoted by f (A).
f(A) ={y € B|y =1 (x) for some x € A}
f (A) is also called the range of A.

Note that f : A — Bisonto if f(A) =B.

For example,

Fig. 2.6
1) )
£ f, is not one-one, onto
1 B
A1 > 4)
A —)f“ B
-
> |,
Fig. 2.4
f, is one-one, not onto Fig. 2.7
2) f, is not one-one , not onto
A f, B Representation of Function
_—> _ .
\erbal Output is 1 more than twice the
form input
> Domain : Set of inputs
Range : Set of outputs
> Arrow
form/ P 5
> Venn
> Diagram 3 e > ° 7
Form 4 > o O
Fig. 2.5 ° y

f2 iS one-one, onto

Fig. 2.7(A)
Domain : Set of pre-images
Range: Set of images




Ordered |f={(2,5), (3,7), (4,9), (5,11)}
Pair Domain : Set of 1%t components
(x,y) from ordered pair = {2, 3, 4, 5}
Range : Set of 2" components
from ordered pair = {5, 7, 9, 11}
Rule / y=f(x)=2x+1
Formula |Wherex e N,1<x<6
f(x) read as ‘f of x” or “function of
X’
Domain : Set of values of x,
Range : Set of values of y for
which f (x) is defined
Tabular X y
Form 2 5
3 7
4 9
5| 11
Domain : x values
Range: y values
Graphical
form
11¢ - (5, 11)
101
9¢ *(4,9)
8..
1 "(3,7)
6.
St *(2,5)
4..
3..
2..
1..
00 123456
Fig. 2.7(B)

Domain: Extent of graph on x-axis.

Range: Extent of graph on y-axis.

2.1.2 Graph of a function:

If the domain of function is R , we can show the
function by a graph in xy plane. The graph consists

of points (x,y), where y = f(x).

Evaluation of a function:
1) Ex: Evaluate f(x) = 2x>—3x + 4 at
X=7andx=-2t
Solution : f (X) at x =7 is f (7)
f(7)=2(7)?-3(7)+4
=2(49)—-21+4
=98-21+4
=81
f(—2t) =2(—2t)>—3(-2t) +4

=2(4t2) + 6t + 4
=8t°+6t+4

2) Using the graph of y =g (x), find g (—4)
and g (3)

(-1,4)

wow e e a

X

8 7 6 5 Ja 3 2 1

6.-5)

-

v

Fig. 2.8

From graph whenx=—-4,y=0s0g (—4)=0
From graph whenx=3,y=-5 sog (3)=-5
3) If f(x)=3x?—xandf(m)=4, then find m

Solution : As

f(m)=4

3m’-m=4
3m*-m-4=0
3Mm*—4m+3m—4=0
m@Bm-4)+13Bm-4)=0




Bm-4)(m+1)=0 5) From the equation 4x + 7y =1 express
i) y as a function of x

4
Therefore, m=—3-orm=-1 i) x as a function of y

4) From the graph below find x for which Solution : Given relationis 4x + 7y =1
fx)=4 i)  From the given equation
7y =1-4x
1—-4x .
X y = —— = function of x
= f(x) 1-4x
X A Soy=f(x)= —7—

i)  From the given equation
4x=1-17y

-7y :
x =~z =function of y

N

/—- N W B W
N

b

2-10] 12345 50x=g(y)=1_77¥

Some Fundamental Functions

1) Constant Function :

Fig. 2.9 f: R — R given by
f(x) = k, x € R, k is constant is called the
Solution : To solve f(x) =4 constant function.
find the values of x where graph intersects line ~ Example:f(x)=3,xeR
y=4 Graph of f(x)=3
X AY
_ 4 /D)
T
s| ||
< 4 y =4
\ 3 / < ('2’ 3) : (2’3) —>
. 3 y=3
< N > X 21
-2-10 2345
1 1
) i 5 5 dol 12 5 a'x
Fig. 2.10 Fig. 2.11

Therefore , x = —1 and x = 3 are the values of x =~ Domain : R or (o0, o0) and Range : {3}
for which f(x) = 4




2) Identity function

If the domain and co-domain are same as A, then
we define a special function as identity function
defined by f (X) = X, for every x € A.

Let A=R. Then identity function f : R — R, where
y = X is shown in the graph in fig. 2.12.

A
2
>

v

Fig. 2.12

Graph of f (x) =x
Domain : R or (—oo, ) and Range : R or (—o0, o0)
3) Linear Function :

Example : A function f : R — R of the form

fx)=ax+b

For example, f(x) = — 2x+3, the graph of which is
shown in Fig. 2.13

<

O

I7a¥ Ks)Y

Domain : R or (-0, o) and Range : R or (—o0, o0)

Properties :

1) Graphoff(x) =ax + b is a line with slope
‘a’, y-intercept ‘b’ and x-intercept é%)

2) Graph is increasing when slope is positive
and decreasing when slope is negative.

4) Quadratic Function

Function of the form f(x) =ax*+bx +c (a#0)

fix)=ax’+bx+c,a>0

A
v
>

Fig. 2.14

Domain : R or (—oo, ©) and Range : [k, )
5) Function of the formf (X) =ax",ne N

(Note that this function is a multiple of
power of x)

i) Square Function
Example : f(X) = x2

3
>




Domain : R or (—o0, ) and Range : [0, o)

ii) Cube Function

Example : f (X) = x3

— N W A LN 9 ®

A
v
>~

(1.-1),

T S SN

('27 '8)

Fig. 2.16

Domain : R or (—o0, ) and Range : R or (-0, )

6) Polynomial Function : A functions of the

form
— n n-1
f(x)=a,x"+a x"+..+a  Xx+a

is polynomial function of degree n , if a; # 0, and
a, a, a, ..., a_ are real. The graph of a general
polynomial is more complicated and depends
upon its individual terms.

Graphof f(x)=x*—1

f(x) = (x—1) (x* + x + 1) cuts x-axis at only one
point (1,0) , which means f (x) has one real root
and two complex roots.

4

Fig. 2.17

Note that, any polynomial of odd degree must
have at least one real root, because the complex
roots appear in conjugate pairs.
7) Rational Function
Definition: Given polynomials p(x), q(x)

_px) . . .
f(x)= q) (q(x)#0) is called a rational function.

1
For example, f(x) =%




Domain : R-{0} and Range : R —{0}

] . 2x+9
Example : Domain of function f (x) = ;7555

2X+9
X(x—5)(x+5)

X =0, Xx=-5 and x = 5, denominator becomes O .

ie. f(x)= isR—{0, 5, =5} as for

8) Exponential Function : Afunctionf:R—R"*
given by f(x) = a*is an exponential function with
base a and exponent (or index) x,a# 1,a>0and
X € R.

2-x \ 31\ / %
2-
2
e 1.5 L?)
1
-1,10.5 5 1,05
i /// \\\k
-~ 125.2-156-1-05Q, D5 1]152/25

Fig. 2.19

Domain: R and Range : (0, ©0) =R*

9) Logarithmic Function: Afunction f: R*—R,

defined as f (x) = log,x, (@ >0, a# 1, x > 0)
where y = log, x if and only if x = a’is called
Logarithmic Function.
y =log, X
\_W_J

logarithmic form

a’ =x
H_J

is equivalent to :
exponential form

Let’s Note.

1) y=log x < a'=x<«antilog y=x

2) Asa’=1,sologl=0andasa'=a,
sologa=1

3) Asa*=a'«<>x=ysolog,x=log,y <
X=y

4)  For natural base e , log,x = In x (x> 0) is
called as Natural Logarithm Function.

Domain : (0, )

N
I

=lo
1- %
+ » X
(1,0
14

AN
S

Fig. 2.20

Range : (—o0, )

Rules of Logarithm :
1) log_ab=1log_a+log b

2) log,, % =log_a —log b
3) log a*=bh.log a

4) Change of base formula:
log, X
Fora,x,b>0anda,b#1, Iogax:1ogb—a

log, x 1
Note: log, x = log, a = log, a

Algebra of functions:
If f and g are functions from X — R, then the

functionsf+g,f—g, fg, g are defined as follows.




Operations

(f+9 ) =f()+g9X

-9 =fx)-gX

(f.

9) () =f(x).g()

f_ X
7 9= 560

(x)

where g (X) #0

iD)

CIfFf(X) =x2+2 and g (X) = 5x — 8, then find

(f+9) (1)

(f-9) (-2

(f.g) 3m)

f

5(0)

As (f+9) (x)=f(x) +g(x)
(f+9)(1)=f(1)+g()
= (1)?+2+5(1) -8

1+2+5-8

= 8-8

=0

As (F-9) () =f(x)—g((x)
f-9(2=1(-2)-9(-2)

[(=2)* +2] = [5(-2) — 8]

[4+2] - [-10-8]

6+ 18

= 24

As (fg) () =f(x) g ()
(f.g) @m)=f(3m) g (3m)
= [Bm)*+2] [5(3m) — 8]
[9m? + 2] [15m—8]
135m® — 72m? + 30m —16
1)
9(x)

f f(0)
3 (0) 9(0)

As é (x)

_2
=8
_ .1
4

2.1.3 Composite function:

Let :A—B and g: B—»>C where f(x) = y and
a(y) = z, xeA, yeB, zeC. We define a function
h:A—C such that h(x) = z then the function h is
called composite function of fand g and is denoted

by gof.
.. gof : A>C
gof(x) = g[f(x)]

It is also called function of a function.

e.g.

LetA={1,2,3,4} and B= {1,3,5,7,10}

C=4{-2,6,22,46,97,100} where
f={(1,2), (2,3), (3,5, (4,7)} and

g={(1,-2), (3,6), (5,22), (7,46), (10,97)}
- gof ={(1,-2), (2,6), (3,22), (4,46)}

1 >e ] >e.)
2 \ /4}-3 \ / > 6
3 >e5 >e 22
4 >’/ > 46
10 97
0
Fig. 2.22




Since
f={(xy)/xe A, yeB,andy =2x — 1}
g={(y,2)/yeB,zeC,andz=y*- 3}
then
gof (x) ={(x,z2)/ x e A,z € C} and

z =(2x-1)*-3

Ex1.Iff(x)= XES and g (xX) = x*— 1, then find
) (feg)(¥) i) (@)

Solution :

As(feg) () =f[g (x)]andf(x) =375

Replace x from f (x) by g (X) , to get

2
(fe9) ) = gx)+5
2
= x2-145
2
= X+4
As (g°f) () =gf(x)]andg(x)=x*—1
Replace x by f (x) in g (x), to get

@-N)=KFEF-1

2 \2
=5 1!

Now let x

CRRINC)

Ex2. 1f f(xX)=x2%g(X)=x +5,andh(x)=%,
find (g ° f° h) (X)

— As(gefoh)(¥) = g{f[h(x]}and
g(X)=x+5
Replace x ing (x) by f[h (x)] +5 to get
(gefeh) () =f[h ()] +5

Now f (x) = x 2, so replace x in f (x) by h (x) , to get
(@ofeh) () =f[h (] +5

1
Now h (x) = " therefore,

1
vl

1\2
(gofoh)(x):(T) +5
5

>

2.1.4 : Inverse functions:

Let f : A — B be one-one and onto function and
f (x) =y for x € A. The inverse function

f1:B— Aisdefined as f 1 (y) =x fory € B.

Domain of f Range of f
f
X o >e Y
f»l
Range of f! Domain of f!
Fig. 2.23

Note: As f is one-one and onto every element

y € B has aunique element X € A associated with
y . Also note that f o f 1 (X) = x

Ex. 1 If f is one-one onto function with f (3) =7
thenf1(7)=3.

Ex. 2. If f is one-one onto function with
f(x)=9—5x, findf1(-1).
— Letf1(=1)=m, then — 1 =f (m)

<28 >



Therefore,
—1=9-5m
Sm=9+1
Sm=10

m=2

Thatisf(2)=-1,sof1(-1)=2.

-5
Ex.3 Verify that f (x) = XT andg (x)=8x+5

are inverse functions.

—s
Asf(x) = g, replace xinf(x) with g (x)
g(x)—5

flgx] = T3

_ 8x+5-5

= 73

_ 8

- 3

= X

and g (x) = 8x+5, replace x in g (x) with f (x)
glfx)] =8f(x)+5

X—5
8 ) +5

=X=5+5
= X

Asflg(x)]=xandg [f(x)] =X, fand g are inverse
functions.

Ex. 4: Determine whether the function

2x+1 . pen .
f(x)= w—3_ has inverse, if it exists find it.

(f-' exists only if f is one-one and onto.)

Solution : Consider f (x,) =f (x,),

Therefore,
2X +1 _ 2x.+1
X,—3 X,~3

(2x,+1) (x,=3) = (2x,+1) (x,=3)

2X X,—6X, +X,—3 = 2X X, —6X,+X —3
—6X, +X,=—6X,+X,
X,=7X,

X2: Xl

Hence, f is one-one function.

2x+1
Letf(x)=y,s0y= =3

Express x as function of y , as follows

2+l

Y= "x-3
y(x=3)=2x+1
Xy—3y=2x+1
Xy —2x=3y+1
X(y—2)=3y+1
3y+1

Here the range of f (x) is R — {2} .

X is defined for all y in the range.

Therefore f (X) is onto function.

As function is one-one and onto, so f ! exists.

Asf(x)=y,sof-'(y)=x

3y+1
Therefore, f -1 (y) = 'ﬁ

Replace x by y , to get
3x+1
=57
2.1.5 :Some Special Functions
i) Signum function : The function f : R—»R

—1if x<0
0ifx=0
1 if x>0

f(x) =

is called the signum function. It is denoted
as sgn (x)




% We have
A
-2 if —2<x<-1 orxe[-2,-1)
) =590 “1 if-1<x<0 orxe[-1,0)
1 ¢ >y=1 f(x)= <0 if0<x<l orxe[0,1)
if 1<x<2 orxell,2)
< o7 > X 2 if2<x<3 orxe[2.3)
y=-1< O -1 v
'
y:x/' /7
v 271 /-'—@f/ - /y=x—1
Fig. 2.24 W
( 9 Ve /~/ } X
Domain: R Range: {—1,0, 1} S
¢ g N s Vo /%/_1
ii) Absolute value function (Modulus function): /// ///
— -2
Definition: Let f: R—>R . f(x) = |x|, VX € R 7
07 v
f00 = X ?f x>0 Graph of f{x) = [x]
—Xxif x<0
Fig. 2.26
Domain = R and Range = | (Set of integers)
Y
A Sx)=1x]|
EXERCISE 2.1
2 1) Checkifthe following relations are functions.
1 (a)
< > X
2 -1 0 1 2
Fig. 2.25

Domain : R or (—oo,00) and  Range : [0,00)

iii) Greatest Integer Function (Step Function):

Definition: For every real x , f(x) = [x] = The
greatest integer less than or equal to . Fig. 2.27

f(x)=n, if n<x<n+1, xe[nn+l)




(b) 4)  Find x, if g (x) = 0 where
5x—6 18—2x2
@ 9gx)="7 b)g()=—7
©gx=6x2+x-2
5) Findx, if f (X) =g (x) where
f(x) =x*+ 2x%, g (x) = 11x?
x> +3, x<2
6) Iff(x)= 5x+7, X>2 then find
f(3 b) f(2 f(0
o, 228 @11 O  ©fO
(©) 4x-2, Xx<-3
7 Iffx)=5 5, —3<X<3 , then find
X2, X>3
(@) f(-4) (b) £(=3)
(c) £(2) (d) f(5)
8) Iff(x)=3x+5,g(x)=6x—1, then find
(a) (f+9) (x) (b) (—2) (2)
(c) (fg) (3) (d) (f/g) (x) and its domain.
Fig. 2.29 9) If f(x)=2x2+3, g(x) = 5x — 2, then find
2)  Which sets of ordered pairs represent (@)feg (b)g-f
functions from A = {1,2,3,4}to () fof (d)geg
B = {-1,0,1,2,3}? Justify.
a) {(1,0), (3,3), (2,—1), (4,1), (2,2
(a) {(1,0), (3,3), (2,~1), (4,1), (2,2)} Let’s remember!
(b) {(1,2), 2,-1), (3,1), (4,3)}
() {(1.3), (4,1), (2,2)} e AFunction from setAto the set B is a relation
(@ {(@1,2), (2,2),(3,1), (4,1)} which associates every element of set A to
unique element of set B and is denoted by
3) If f(m)=m2-3m+1, find f:A— B.
(@) f(0) (b) f(—3) e Iffisafunction from set Ato the set B and if
1 (x,y) € ftheny s called the image of x under
(c) f(T) (d)f(x+1) fand x is called the pre-image of y under f.
(€) f(-x)
TN




A function f : A — B is said to be one-one if
distinct elements in A have distinct images in
B.

A function f : A — B is said to be onto if
every element of B is image of some element
of A under the function f.

A function f : A — B is such that there exists
atleast one element in B which does not have
pre-image in A then f is said to be an into
function.

Iff: A—>Bandg:B — Cwith f(x) =y
and g(y) = z, xe A, ye B, ze C then define
h: A— C such that h(x) = z, then the function
h is called composite function of f and g and
is denoted by gof.

Iff: A— Bisone-oneandonto,g:B—Ais
one-one and onto such that gof : A — A and
fog : B — B are both identity functions then
fand g are inverse functions of each other.

Domain of f = Range of f and
Range of f = Domain of f*

MISCELLANEOUS EXERCISE -2

1)

2)

3)

Which of the following relations are
functions? If it is a function determine its
domain and range.

) 12 1), 4 2), (6, 3), 8 4), (10, ),
(12, 6), (14, 7)}

”) {(0! O)! (11 1)1 (11 _1)! (4! 2)! (4! _2)1
(9, 3), (9, -3), (16, 4), (16, -4)}

i) {(1,1), 3, 1), (5, 2)}

A function f: R—>R defined by f(x) = % + 2,

xeR. Show that f is one-one and onto. Hence
find .

A function f is defined as follows

f(x) = 4x + 5, for -4 <x<O0.

Find the values of f(-1), f(-2), f(0), if they
exist.

4) Afunction f is defined as follows:
fx)=5—-xfor0<x<4
Find the value of x such that
f(x) =3

5) Iff(x) = 3x? —5x + 7 find f(x — 1).
6) Iff(x)=3x+aandf(1)="7find a and f(4).

7) Iff(x) =ax? +bx + 2 and f(1) = 3, f(4) = 42.
find a and b.

2x—1 - 2
S5yx—2 ' 5
Verify whether (fof) (x) = x.

9) () = 5, 009 =

8) Iff(x)=

3+5x
4x—1

then verify that (fog) (x) = x.

ACTIVITIES
Activity 2.1 :
_ X+3 _ 2x+3 .
If f(x) = < g(x) = 1 Verify whether

fog(x) = gof (x).

Activity 2.2 :

f(x) = 3x2 — 4x+2, ne{0, 1, 2, 3, 4} then represent
the function as

i) By arrow diagram
i)  Set of ordered pairs

iii) Intabular form
iv) In graphical form

Activity 2.3 :

If f(x) = 5x— 2, x > 0, find f (x), f (7), for what
value of x is f(x) = 0.




